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ABSTRACT

This thesis is largely concerned with the study of nonparametric curve estima-
tion. Given a set of data it is often desirable to obtain estimates of various functions
which are related to the distribution of the data, such as probability densities and
regression curves, without having to impose rigid parametric assumptions.

We begin our research by considering the problem of kernel density estimation.
Traditionally, theory for this problem has been centred around the L, norm as a
measure of loss. However, attention has recently been given to the L; norm as
a metric for density estimation — due largely to the monograph of Devroye and
‘Gyorfi (1985). The work of these authors does not, however, provide for the exact
minimisation of asymptotic expected L; distance. One of our primary concerns is
the formulation of the solution to this minimisation problem and the investigation
its ramifications, including L; based rules for window-size selection.

The classical nonparametric density estimators are the histogram and the fre-
quency polygon, which still both enjoy a great deal of usage. The thesis continues
with the development of asymptotic L, theory for these two estimators.

We further investigate the L; properties of kernel regression function esti-
mators (in both random and fixed design settings), kernel mode estimators and
density derivative estimators.

Nonparametric curve estimation has become an important tool in discriminant
analysis. When discriminating between two populations with densities f and g, the
likelihood ratio classification rule relies on both f and g¢. If no suitable parametric
model is available then the usual approach is to obtain nonparametric estimates
of f and ¢g and form the classification rule from these estimates. We observe that,
for the purposes of discrimination, it is more natural to estimate the difference
between f and g than to estimate the individual densities themselves. A variant
of least-squares cross-validation is shown to be an effective means of choosing
smoothing parameters for the density difference estimator. We demonstrate that

our methodology applies to both discrete and continuous data.



Chapter One

INTRODUCTION

1.1 Introduction

Nonparametric curve estimation has become an important tool in many as-
pects of statistics. The summary of data in the form of a histogram, the detection
of the number of modes in a distribution, the fitting of a surface through a cloud of
data points and the construction of a classification rule in statistical discrimination
are all examples of problems that have solutions within the realm of nonparametric
curve estimation.

The first published work in this field was that of Rosenblatt (1956). This au-
thor introduced a kernel method for the estimation of probability densities. Parzen
(1962) expanded this idea, resulting in a flood literature on the topic. Several alter-
native methods for estimating a density were proposed, based on concepts such as
orthogonal series expansions, maximisation of likelihood products, nearest neigh-
bour distances and spline smoothing of histograms. This was paralleled by the
extension of density estimation ideas to the estimation of other “curves” such as
regression functions, hazard functions and discrimination boundaries. Along with
new methodology there came an abundance of theoretical analyses, mainly con-
cerned with establishing consistency results and obtaining rates of convergence.
One very important realisation brought out by the theory is the crucial depen-
dence of the performance of nonparametric curve estimators on the choice of their
inherent smoothing parameters. Consequently, criteria for the automatic selection
of smoothing have recently received considerable attention in the literature. For
an extensive account of the theoretical development of nonparametric curve esti-
mation see Prakasa Rao (1983). Relevant survey material can also be found in
Fryer (1977), Tapia and Thompson (1978), Bean and Tsokos (1980), Hand (1981,
1982), Collomb (1985), Silverman (1986) and Marron (1988).



1.2 Outline of Thesis

The main contributions of this thesis can be classified into two broad areas:
minimisation of L; distance in nonparametric curve estimation (Chapters 2, 3 and
4) and nonparametric discrimination using density differences (Chapters 5 and 6).
We shall briefly discuss each of these topics in turn.

In nonparametric density estimation there has recently been significant inter-
est in the L; metric as a measure of loss, given by J, = [|f, — f| for a density
estimate f, of a density f. Much of this interest has been fuelled by a monograph
of Devroye and Gyorfi (1985) which provides a detailed treatment of L; density
estimation. These authors favour the L; metric since it is always well-defined if
fn is a density and it is invariant under monotone transformations. On the other
hand, in the context of kernel density estimation, Devroye and Gydrfi do not derive
exact asymptotic formulae for the optimal window-size or the corresponding rate
of convergence of E(J,). Instead they compute approximations to these quanti-
ties. In traditional L, theory, results for exact rates of convergence are readily
available under suitable conditions (see e.g. Parzen (1962)). For example, if the
Epanechnikov kernel K(z) = (3/4)(1 —z?), |z| < 1, is in use and f has a continu-

ous second derivative then the L,-optimal rate of convergence of the window-size

. {15//(f”)2}1/5. (1.1)

One of the major contributions of this thesis is the development of a procedure

h is ean~Y/5 where

which permits the calculation of exact rates of convergence of E(J,) and the
L,-optimal window-size. Specifically, we show that minimisation of E(J,) is es-
sentially equivalent to solving an equation of the form A(v) = 0, where A is a
strictly increasing differentiable function with A(0) < 0 and lim,—e, A(v) = co.
This allows one to obtain formulae similar to (1.1) when L, distance is being
minimised. As a consequence, a window-size selection rule which asymptotically
minimises L; distance can be formulated. The procedure is shown to be applicable
to other curve estimators such as histograms, frequency polygons and regression

function estimators.



When discriminating between two populations IIx and II, with densities f
and g and prior probabilities p and 1 — p, the error rate is minimised by using the
likelihood ratio discrimination rule. This involves classifying z as Il if and only
if

f(2)/9(z) =2 (1 - p)/p. (1.2)

When f and g are unknown the usual approach is to construct estimates f (-lhx)

and §(-|hy), where hx and hy are smoothing parameters chosen to minimise the

distances between f(-|hy) and f, and §(-|hy) and g respectively. The discrimi-

nation rule based on these estimates is that which classifies z as IIx if and only
if

F(zlhx)/4(zlhy) = (1 = p)/p. (1.3)

Notice that (1.2) and (1.3) are equivalent to e(z) > 0 and é(z|hyx, hy) > 0 respec-

tively, where e = pf — (1 — p)g and
&(zlhx, hy) = pf(zlhx) — (1 — p)i(z|hy).

The second major theme of this thesis is based on selection of the smoothing
parameter pair (hx, hy) to minimise the distance between &(-|hx, hy) and e. If the
L, metric is used as the measure of distance then a version of least-squares cross-
validation, related to the selection rules of Rudemo (1982) and Bowman (1984),
arises as a selection rule for (hx, hy). An appealing feature of this strategy is that

data from both training samples are used in the smoothing parameter choice.

Chapter 2 is devoted to analysis of the L; metric in kernel density estimation.
Results of Devroye and Gyorfi (1985) are extended to allow exact minimisation of
asymptotic L; loss. This theory is subsequently used to construct a data-based
rule for selecting a window-size. The rule, which is related to the Ly-based “plug-
in” rule proposed by Woodroofe (1970), is shown to be asymptotically optimal
in terms of minimising L; distance. Numerical results are also obtained which
indicate that there is usually very little difference between L;-optimal and L,-

optimal window-sizes. For example, if f is the standard normal density then
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the L;-optimal window-size of the Epanechnikov kernel estimator is asymptotic
to con~1/% where ¢, = 2.345- - -. However, we demonstrate that the L-optimal
window-size is asymptotic to ¢;n~1/% where ¢; = 2.279- -, so there is less than a
3% difference in the rate of shrinkage of L;- and Ly-optimal window-sizes. This
small difference is typical of comparisons made between L;- and Lj-optimality in
this thesis.

In Chapter 3 exact asymptotic L; theory is developed for the histogram and
the frequency polygon. In addition, we establish bounds for the optimal rate
of convergence of E(J,) for the frequency polygon, and obtain a lower bound for
liminf,_ o, n2/ 5E(J,) for all densities. These bounds extend the theory developed
by Devroye and Gyorfi (1985) to the frequency polygon.

Chapter 4 deals firstly with L; theory of kernel regression estimators, in both
random design and fixed design settings. This is followed by the development of
exact asymptotic theory for mean absolute error (MAE) of the kernel mode esti-
mator. Here it is demonstrated that MAE-optimal window-sizes are quite close to
the corresponding optimal window-sizes for minimisation of mean squared error
(MSE). For example, if we restrict ourselves to second order kernels then the ratio
of MAE-optimal and MSE-optimal shrinkage rates is shown to be 0.8453- - - uni-
formly over all thrice-differentiable densities. The L; theory of density derivative
estimation is also briefly covered in this chapter.

In Chapter 5 we investigate the use of density differences for the discrimina-
tion of categorical data. The kernel estimator of Aitchison and Aitken (1976) is
used to construct density difference estimators for the classification of multivariate
binary data. A variant of least-squares cross-validation is employed as a means
of automatically selecting the smoothing parameter pair (hx, hy). This is subse-
quently shown to be asymptotically optimal by arguing as in Bowman, Hall and
Titterington (1984). A similar treatment of unstructured multinomial data is also
given.

In Chapter 6 we adapt the ideas of Chapter 5 to cater for the discrimination

of continuous data. The asymptotic optimality of the window-size selection rule
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in this case is proved using techniques similar to those of Stone (1984).

There are two appendices to the thesis, both referred to in Chapter 2. An L,
asymptotic optimality result is proved via Kolmés-Major-Tusnady techniques in
Appendix A. In Appendix B we explain the generalisation of least-squares cross-

validation to density derivative estimators.

Throughout this thesis the set of real numbers is denoted by R, while the set of
integers is denoted by Z. The univariate normal density function and distribution
function are represented by ¢ and ® respectively. Unqualified integrals are over
R or R?, depending upon the context. The minimum of two real numbers s and

t is denoted by s A ¢.



Chapter Two

MINIMISATION OF L, DISTANCE IN KERNEL
DENSITY ESTIMATION

2.1 Introduction

One of the most widely-studied and best understood estimators of probability
density is the kernel estimator. Let X;,X,,... be a sequence of independent
random variables with common univariate density f. The kernel estimator based

on the sample X3, ..., X, which we consider is given by

fa(zIh) = (nk)™* 3 K{(z = Xi)/h},

where K is the kernel function and & is the window-size. Conditions on K and A
are given in the next section.

The choice of window-size is of fundamental importance when constructing a
kernel estimator. An overly small window-size means that the estimator places too
much emphasis on the given sample which induces a high degree of variance; too
large a choice of window-size has the effect of “smoothing out” much of the detail
of the true density, which corresponds to a large amount of bias. The classical
setting for the variance-bias trade-off is that in which loss is measured in 'terms of
L distance, Ma(h) = [{fa(:|h) — f}*. Expected L loss can be expressed simply

in terms of variance and bias as
E{Mn(R)} = Va(h) + Ba(h),

where Vo (k) = [Var{fa(:|r)} and B.(h) = [{Efa(-|h) = f}*. Under suitable
assumptions, V,,(h) and B,(h) each have straightforward asymptotic expansions.
The optimal rate of convergence of E{M,(h)} is achieved when the orders of
magnitude of V,,(h) and B,(h) are matched. From this, closed form formulae for
the exact optimal shrinkage rate of the window-size are easily obtainable. The
main purpose of this chapter is to describe solutions to the same problem for L,

distance, Jo(k) = [|fa(-|k) — f|, and to discuss their implications.
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When minimising expected L; distance the principle of balancing orders of
magnitude of variance and squared bias still applies, although it is more appropri-
ate to work with bias and standard deviation instead. Consequently, the optimal
order of magnitude of an L;-optimal window-size is identical to the corresponding
L;-optimal window-size. However, since E{J,(h)} is a complicated function of bias
and standard deviation, exact closed form formulae for the L;-optimal shrinkage
rate are not obtainable in general. Nevertheless, we show that numerical solu-
tions can be found by firstly observing that the problem is essentially equivalent
to solving an equation of the form A(v) = 0, where the solution is unique, and
then appealing to Newton’s method.

Another important problem which we address is the difference between min-
imising L, distance and L, distance. This can be quantified in terms of how close
the L;-optimal window-sizes are to their L, counterparts. We show by example
that the difference is only a few percent in the majority of cases.

In the context of L; loss, a number of window-size selection procedures which
utilise asymptotic formulae for optimal window-sizes have been proposed, such
as those suggested by Woodroofe (1970), Scott, Tapia and Thompson (1977) and
Silverman (1986 p.45). Our algorithm for minimising L; distance makes it possible
to obtain L; versions of each of these procedures.

Section 2 describes our approach to asymptotic minimisation of E{J.(R)}.
Section 3 extends this approach to the asymptotic minimisation of related measures
of loss, including that of general Ly loss for ¢ > 1. The problem of window-
size selection is investigated in Section4, leading to an L;-asymptotically optimal
selection rule. Numerical results are presented and discussed in Section 5. All

proofs are deferred to Section 6.

2.2 L; Theory of the Kernel Estimator
Throughout this section it is assumed that K is a real-valued, measurable

function such that

] 07 j=19"°ap—1;
/zJK(z) dz = {(_I)P,ﬁ £0, j=p.
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We also assume that K is bounded, has compact support and integrates to unity.
The window-size h = h(n) is a sequence of positive real numbers such that A — 0
and nh — oo as n — oo.

We commence with a brief summary of Ly theory for the kernel estimate.
Assuming f® is continuous and non-zero at z, and f(z) > 0, straightforward
calculations can be used to show that the asymptotic bias and variance of fal:|R)

are given by

Efa(z|R) — f(z) ~ (k1/p!) P (2)h?

and

Var{fa(z|h)} ~ &2 f(z)(nh)™1,

where k3 = ([ K2?)% (see e.g. Parzen (1962)). Letting b and o denote the functions

(k1/p!)f® and k2 f% we obtain from these that
E{Ma(h)} = h?° / b + (nk)=) / o? + o{h?? + (nh)~1}. 2.1)

To asymptotically minimise M, the window-size is chosen so that bias and stan-
dard deviation are of the same order of magnitude. This is achieved by taking h

equal to hy = u?n=P/(2P+1) {5 give
E{Mn(hy)} = (u“”/b2 +u~? /02) n=2P/pH1) 4 ol =2p/(2p+1))

and then choosing u to minimise the leading coefficient

Az(u) = /b2 u4”+/¢72 u”2,

The value at which ); attains its minimum, uj say, is easily obtained from calculus

to be

)

o fa,z (P!)zﬁg 1/(2p+1)
w=lar - |mErew

which provides us with the well-known formula for the L, asymptotically optimal

] 1/(2p+1)

window-size

hy = huy = (u3)'n~1/GPFD) (2.2)

8



with corresponding L, error

2p/(2p+1) 1/(2p+1)
E{Mn(h3)} =(2p + 1)(2p) =2/ (2p+1) (/ 02) (/ b2> n=2p/(2p+1)

+ o{n=2P/(2p+1)y
Window-size selection rules based on (2.2) have been discussed in the litera-

ture. The Lz-optimal coefficient may be written
(u3)* = a(K)B(f)
where
a(K) = {(p!)2x2/(2pK?)}}/2p+1)

depends on K and is known and B(f) = [[{f(®)}2]-1/(2p+1) depends on the un-
known density. Woodroofe (1970), in the local density estimation context, sug-
gested using an initial window-size to estimate f(® and “plugging” this estimate
into the formula for the L,-optimal window-size to obtain the final choice. Scott,
Tapia and Thompson (1977), in the case where P = 2, proposed choosing h to be

the largest solution to the equation

h = a(K)B{fu(-|R)}n"1/5,

and showed that a solution could be arrived at by iteration. Silverman (1986,
P-45) has suggested using the normal distribution as a standard reference. This

involves observing that if f is normal with variance §2 then
[ =/gmts,
so that if a Gaussian kernel is in use then
hy = (4/3)*/%6n1/5 = (1.06 - --)6n~1/5,

The selection rule involves replacing § by a data-based estimate § to select a
window-size.
To derive the L; equivalent of the above Ly results we begin with the L,

analogue of (2.1) which states that
B} = [(ah)toy (M) + ofh? + (nh)™}),

9



where

Y(t) = 2tP(t) + 24(¢) — ¢, teR.

This is the pth order version of the second order kernel result presented in The-
orem 5.1 of Devroye and Gyorfi (1985, p.78). There it was assumed that f has
two continuous derivatives and compact support. We shall see later that the as-
sumption of compact support can be replaced by a weak moment condition. The

function ¢ is symmetric. Note also that
Y(t) =29(t) - 1
and
P"(t) = 24(1),
so that 1 is monotonic decreasing for negative ¢, monotonic increasing for positive ¢

and convex everywhere. The reason for ¢ appearing in the formula for asymptotic

L, loss is essentially the fact that for all ¢ € R,
() = E|Z —¢| (2.3)

where Z is a N(0,1) random variable. One result for ¢ which is used extensively
in the proofs of this thesis is given in Lemma 5.14 of Devroye and Gyorfi (1985,

p-93). We shall state it here for convenience.
Lemma 2.1. Ift, u, v and w are nonnegative numbers then
[th(u/t) = vp(w/v)] S Ju =]+ (2/m)¥ [t - v].

As for L; loss the optimum is achieved by taking the bias and standard
deviation of fa(z|h) to be of the same order of magnitude. Thus we again take A

equal to A, and obtain

BTk} =u™ [ oy (

Recall that b and o are both functions of x, say, and that integration on the right-

u?Ptip

) n=P/(2pH1) 4 o{n—p/(2p+1)}, (2.4)

hand side of (2.4) is with respect to z. The asymptotic L;-optimal value of u will

Au) = u™? /o¢ (“2':1”) :

10
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Differentiation with respect to u yields
N(u) = 2u~2 A(u?Pt?)

where

Aw) = [ ol2pb/o{8(0b/) - §} = $(ob/o)].
The value of u which minimises A\(u), call it u*, is given by u* = (v*)}/(2P+1) where
v* is the solution of A(v) = 0 (v > 0). Note that A(0) = —(27)~ ¥k, [ f¥ < 0,

limy— 00 A(v) = 00 and
N(v) = / b[2p{®(vb/0) — 1} + (2p + 1)wb/ad(vb/o)),

which is positive for all v > 0. This entails the existence and uniqueness of v*.
Its value can be found quickly by Newton’s method as the limit of the sequence
v1,v2,... where vi41 = v; — A(v;)/A'(v;). The asymptotic L;-optimal window-size

when estimating f is therefore

B* = (u*)2n—1/(2p+1).

If the value of v*, and hence u*, is found for a particular pth order kernel K then
it is trivial to calculate ug, the minimiser of A(w) if a different kernel K is in use.

For Ko the values of x; and k2 will be different, ko,; and k¢ 2 say, in which case

uy = u*{(K1K2,0)/(r2rr,0)}/FPFD,

The derivation of the exact asymptotic formula for the L;-optimal window-size
makes it possible to create data-based procedures for selecting ~ along the same
lines as those mentioned above in the Ly case. These possibilities are discussed in

Sections 4 and 5.

The following theorem gives sufficient conditions on f for (2.4) to hold in a

uniform sense.

Theorem 2.1. If E|X;|*t¢ < co for some € > 0; if f is bounded; and if fP) is

bounded, continuous and integrable; then

lim sup |[nP/PPFVE{T,(R)} = Mu)| =0 (2.5)
n—oQ uE[C‘I,C]

11



for every C' > 1. Furthermore,
inf E{J(h)} ~ A(u*)n~?/@P+D), (26)

where u* is the unique value of u which minimises A(u).

The condition E|X;|'** < oo is only slightly stronger than [ f* < oo, the
latter condition being necessary for the function A to be well-defined.

Before closing this section we shall briefly describe the extension of the L;
theory developed here to multivariate nonnegative kernel estimators. For this we
assume that the sample points Xy, X, are Ré-valued and K is a symmetric,
bounded, compactly supported, d-variate probability density function. For 1 <
Jj £ d we assume that x; = [p, 27 K(2)dz is independent of j and &, = ([ K2)},
The estimator which we consider is given by

fazlh) = (nh®)™ 3 " K{(z - Xi)/h}
i=1
with corresponding Ly loss Jn(h) = [g4|fa(:|R) = f|. I f and all second order
deriva_tives are bounded and continuous then, provided # — 0 and nh? — o as

n — oo, we have at each point ¢ € R?,

Efn(z|h) = f(z) ~ ba(z)h? = (k1/2)V? f(z)h?,
and

Var{fa(z|h)} ~ oi(z)(nh?) "t = Ky f(z)(nh?) !

where V2f(z) = Zj=1(0/3a:j)2f(a:). Taking h equal to hy = u2n~1/(d+4) opne

obtains

u4+dbd

gqd

E{Jn(hy)} =u"? / oq ( ) n"2@) L oo{n=U @Y (2

Again, o4 and by are functions of z, and integration is with respect to z. The
exact asymptotic formula for the L;-optimal window-size and the corresponding
L, loss can be found in exactly the same manner as the univariate case by locating

the value of u that minimises the coefficient of n=2/(4+4) in (2.7),

12



2.3 Extensions to Other Measures of Loss

Some simple adaptations of the theory developed in Section 2 to cater for
other measures of loss will be made in this section. The estimator with which
we deal is the one-dimensional kernel estimator defined at the beginning of the
previous section. The smoothness conditions imposed on f in Section 2 will also
be assumed throughout this section. The functions b and o defined there have the

same definitions in this section.

2.3.1 Minimisation of Mean Absolute Error
When one is interested in estimating f at a single point z € R for which f(?)
and f are continuous and non-zero then the analogue of expected L; loss is mean

absolute error (MAE), which is given by
MAE{fu(2|h)} = E|fa(z|R) — f()|
and has the asymptotic representation

MAE{fa(alh)} = (nh)~Fa(z) <("h2f(2; b(w)) +o{h? + (nh)7H)

as b — 0 and nh — co. Again we balance the bias and standard deviation orders

of magnitude by taking h equal to hy:

MAE{fn(z|hs)} = u—la.(x)d) (M) n—P/(2p+1) + o{n"’/(21’+1)}_

o(z)

It is easily seen that the MAE-optimal window-size for estimating f at z is

(u3)2n~1/(@2+1) where u = (v2)1/(2P+1) and v} is the unique solution of
2pvb(z)/o(z) [2{vd(z)/o(2)} — }] = ¢{vb(z)/o(z)} = 0.
If we let ¢;(z) = (u%)? be the MAE-optimal coefficient and
c2(z) = [0%(2)/{2p8% (<) }]1/PP+D)

denote the corresponding optimal coefficient for asymptotic minimisation of mean

squared error, then graphs of ¢; and c; are almost identical (see Hall and Wand
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(1988)). In fact, Schucany (1988) has shown that, uniformly in f and second order
kernels K, ¢;(z) = (0.985---)cz(z), proving that minimisation of mean absolute
error in pointwise kernel density estimation is virtually equivalent to that of mean

squared error.

2.3.2 Minimisation of Ly Loss
For any value of ¢ > 1 we shall define L, loss to be

Tnglh) = [ 1£aC11) = £17.
Note that for ¢ > 1 this is not the same as the L, norm of the difference between
fa(:|k) and f since the latter would be J, ;(k)!/¢. Extending the theory of Ly loss -
to L, loss, one obtains
h2P+1yip
E{Jag(®)} = [0 11, ((——U)—> + ol + (n)H),

where ¢,(t) = E|Z — t|? and Z is a normal N(0,1) random variable. This implies
that

Blng(ha)} =u~1 [ ony, (

and so optimality is reached by choosing u to minimise

Ag(u) =u™? /aqz/)q <u21:'1b) .

The ease with which this minimisation can be performed for a particular ¢ depends

u?Pt1p

—gp/(2p+1) —qp/(2p+1)
= ) n + o{n } (3.1)

crucially on the form of the function ;. When ¢ = 2 we are dealing with expected
L3 loss, or mean integrated squared error, and ¢, has the simple form ,(¢) =
t2 + 1 which allows straightforward derivation of closed form expressions for the
asymptotically optimal window-size and corresponding asymptotic expected loss.
If estimating a density in L, then one has to deal with 14(t) = t* + 62 + 3
which, with the assistance of Newton’s method, allows the required Ls-optimal
coefficients to be readily computed. Odd integral values of ¢ lead to much more
complicated expressions for ¢,. In the previous section we saw that v, (t) = ¥(t) =

2t®(t) + 2¢(t) — t. When ¢ = 3 one obtains

w3 (t) =126@D (1) — 12628~V (¢) + 8638 (¢) + 4(2t + 1)g(t) — ¢® — 3t
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where &(~V)(¢) = f:oo &(z)dz and &(~2(t) = f:oo &(-(z) dz.

2.3.3 Minimisation of Weighted Ly Loss
Suppose that a weight function w > 0 is included in the L, loss formula, so

that our aim is to minimise
BE{Unqu(h)} = B [ Ifa(1h) = fltw.

In this case (3.1) is generalised to

u2p+1b

E{Jnquw(h)} =u™? /a"wd;q ( ) n—/2p+1) 4 ofp=ep/(P+D)Y

o

which is minimised in the usual way.

2.4 L; Window-size Selection

The most important choice to be made when estimating the density f by the
kernel estimator defined in Section 2 is the value of the window-size parameter h,
since it controls the trade-off between smoothing of sample noise and estimating

the fine detail of the density. It was established in Theorem 2.2 that, as n — oo,
E{Jn(hu)} ~ Mu)n~?/p+D) (4.1)

uniformly in u € [-C, C] for each C' > 1, and
inf E{Ja(h)} ~ A(u"), (4.2)

so that, in terms of minimising asymptotic expected loss, the optimal choice of h

is (u*)2n~1/(2P+1) where u* is the unique value of u that minimises A(u). Recall

M =ut fou (22,

which depends on the functions b and ¢. A window-size selection procedure based

that

on minimisation of A would clearly require estimation of b and o since they in
turn depend on the unknown functions f® and f 3 Suppose that b, and o, are

Ly-consistent estimators of b and ¢ respectively; that is,

lim [ |b,—b =0 and lingof lon — | = 0; (4.3)

n—Cco

15



where convergence is in the almost sure sense in both cases. We shall also assume

that o, > 0. Examples of b, and o, will be considered shortly. An estimator of A

/\n(u) =y~ /Unl,b (U2p:1bn) s

which leads to the window-size selection rule

would then be

By = (up)PnH/GPHD) (4.4)

where u}, is the unique value of u that minimises A,(«). This minimisation can be
performed in exactly the same way as described for minimisation of A(u).

From (4.3) and Lemma 2.1 it follows that, for any C' > 1,

lim sup [An(u)—A(u)|=0 (4.5)

n—oo uE[—C,C]
almost surely. This entails lim,—co An(uk) = A(u”) almost surely and lim, oo u), =
u* almost surely. Recall that h* = (u*)n~1/(2P+1) is the L, asymptotically optimal

window-size. Then we also have

lim h%/h* =1

n—0o0

almost surely and, using (4.1) and (4.5), we obtain
i (B0 ambs /BT () = 1 (46)
almost surely. Additionally, we have from (4.2) and (4.6),
Jim (B{Ja(h)} b=y / jof E{Jn(R)} =1 (4.7)

almost surely which means that, in the context of minimising expected loss, the
selection rule A}, is asymptotically optimal. This is a very attractive property since
it means that the window-size selected by (4.4) is asymptotically as good as the

L;-optimal window-size. The stochastic equivalent of this result is
Jim Jn(h7)/ inf Ja(h) =1 (4.8)

almost surely which, if it were true, would mean that h}, is also asymptotically
optimal in terms of minimising raw L; loss J,(h). The following theorem allows

us to prove (4.8) under certain regularity conditions.
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Theorem 4.1. If K is compactly supported and Hélder continuous, and if fis
bounded, then

Jim (jaf Jn(W)}/ljnf B(7,(R)}] =1 (4.9)
almost surely, and
Tim Jn(2)/E{Ta(W) nmiy =1 (410)

almost surely.

It follows from (4.7), (4.9) and (4.10) that (4.8) is true under the conditions
imposed in Theorem 4.1. A result very similar to (4.8) is proved in an entirely
different manner in Appendix A.

Candidates for the estimators b, and ¢, will now be proposed. Noting that
b= (k1/p))f® and ¢ = kyf% we shall use b, = (/cl/p!)f,(f)(-lhl) and o, =
/cgfn%(-lhg), where

FP (alhy) = (AT S KD (2 = X0)/h)

=1

and

n %
fH(alha) = |(nha) ™' S Ka{(e — Xi)/ha}|
i=1

in which K; is a p times differentiable kernel and K3 is a nonnegative kernel. Of
course, f? )(-|h1) and fn% (|h2) are obtained respectively by p-fold differentiation
and taking the square-root of kernel density estimators with window-sizes h; and

hz. Appropriate choices of ky and A, will be discussed in Section 5.
The nonnegativity of K, ensures that f,% (+|h2) is well-defined and that o, > 0.

We also require the L,-consistency of b, and ¢, which follows directly from

Theorem 4.2. Assume K, and K, are bounded, compactly supported and inte-
grate to unity; K{P exists and is bounded; K; is nonnegative; E|X;|'*¢ < oo for
some € > 0; f is bounded; f(P) is bounded, continuous and integrable; hy, hy — 0,
nhi?*!/logn and nhy — 0o as n — co. Then

tim [ 1£(1hs) - £ =0 (4.11)

n—oo
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almost surely, and
Jm [15 Gl = 73 =0 (4.12)
almost surely.

Our window-size selection rule can now be fully described. Choose K 1, Ko, by
and h; to satisfy the conditions imposed in Theorem 4.2, to form the estimators
bn and 0,. These estimators should then be used in the formula for An(u) to
locate the minimum at u = u};. The window-size to be used in the pth order
kernel estimator is k% = (u})?n~1/(22*1) If the pth order kernel K satisfies the
conditions imposed at the beginning of Section 2 and is Holder continuous, and
if the density f satisfies the conditions of Theorem 4.2, then the selection rule is

asymptotically optimal in terms of minimising L loss and expected L; loss.

2.5 Examples and Discussion

Examples of L;-optimal window-sizes and the corresponding rates of conver-
gence of E(J,) to zero will be presented in Subsection 1 of this section. We shall
then describe an implementation of the L; window-size selection rule proposed in
the previous section, and apply it to some simulated sets of data (Subsection 2).
Comparisons with corresponding L, based window-sizes are made in both theo-
retical and data-based contexts. The section concludes with the application of the

L, window-size selection rule to the analysis of a real data set (Subsection 3).

2.5.1 Ezamples of Ly-optimal Window-sizes and Rates of Convergence
Throughout this subsection, the only kernel with which we deal is the Bartlett-

Epanechnikov kernel
K(z)=(3/4)(1-2%), -1<=z<1,

for which p = 2. In this case x; = 1/5, k%2 = 3/5, b = (1/10)f" and ¢ = (3/5)% f%.
Also, as described in Section 2, the L;-optimal window-size is asymptotic to h* =
(u*)?n~1/% where u* is the value of u which minimises

Aw) = [@/5)t sty ( (;‘;{;;) .
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To find u in practice we first locate v* as the limit of the sequence vi, vy, - - -, where
Vi+1 = v; — H(v;) and the function H is given by
-1
H(v) = 60% [/f%{élrv@(vr) - qS(vr)}} [/ ' {4®(vr) + 5urg(vr)} (5.1)
with r = 7" /(60f)%. As shown in Section 2, u* is then given by u* = (v*)}/5, We
are interested in the co‘eﬁicient (u*)?, which we shall call ¢;, and in comparing it

to the Lq-optimal coefficient ¢; which has the formula

o ={13/ (f")"’}l/s.

With this notation the L;- and Lj,-optimal window-sizes are asymptotic to ¢;n~1/5
and can~1/5 respectively.

We now give example of the values of ¢; and ¢, for several different densities.
Three of these will be members of the two-component, equal proportion normal
mixture family with means (-1,1) and variances (¢%,02). This family of densities

has general form
f(m; a'f’ 0’%) = %(2#0%)—%6_(3"'1)2/(2”3) + %(27?0'%)—%6_(2_1)2/(203)

and will be denoted by NM(c?,02). The other densities that we consider are the
standard normal distribution (f(z) = (2r)~%e=%"/2), the Beta(4,4) distribution
(f(z) = 1402°(1 — z)%, 0 < & < 1), the extreme value density (f(z) = eTe~e"),
the logistic density (f(z) = e*(e® + 1)~2) and Student’s ¢, distribution (f(z) =
(22 +2)=3/2), '
In Table 5.1 we list the values of ¢;, ¢, and their ratio c1/c2. The values of
c1 and c; are remarkably close in every case. This closeness means that, from
a practical viewpoint, there is virtually no difference between L, smoothing and
L; smoothing in density estimation for the vast majority of cases. However, De-
vroye and Gydrfi (1985, p.109) point out that there is a considerable difference
between the L;-optimal coefficients and L,-optimal coefficients for heavy-tailed
distributions. Working with an approximation to ¢; they demonstrate that when

the Cauchy density is approached through the family of Student’s ¢ densities, the
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Table 5.1: Values of ¢;, ¢; and ¢;/c; for
the Bartlett-Epanechnikov kernel.

Density a C2 c1/ca
N(0,1) 2.279 | 2.345 | 0.972

NM(1,1) 3.013 | 3.257 | 0.925
NM(1/5,1/5) | 1.146 | 1.183 | 0.969
NM(1,1/10) | 0.980 | 1.033 | 1.054

Beta (4,4) 0.377 | 0.422 | 0.893
Extreme Value | 2.236 | 2.268 | 0.986

Logistic 3.743 | 3.630 | 1.031

Student’s ¢, | 2.792 | 2.341 | 1.193

Table 5.2: Values of CA(K)B(f), D1(f) and C*A(K)B(f) for
the Bartlett-Epanechnikov kernel.

[ Density [ CAK)B() [ Di(f) | CAKIB() |

N(0,1) 1.002 1.022 | 1.341
Beta (4,4) 0.936 0.993 | 1.253
Extreme Value | 1.090 1.169 | 1.459
Logistic 1.092 1.119 | 1.462




L,-optimal coeflicient approaches oo whereas ¢ is finite for the Cauchy density.
This means that for a small value of ¢ > 0, the Student’s ¢, . distribution will
exhibit a large value of c;/c3, although Table 5.1 verifies that even for ¢ as small
as 1 (that is, for Student’s ¢, distribution) there is only about a 20% difference
between ¢; and c,.

It is also seen from Table 5.1 that the normal standard reference rule dis-
cussed in Section 2 would take the form il,2 = 2.3456n=1/5 when the Bartlett-
Epanechnikov kernel is in use. The analogue of this rule for L; loss takes the form
hy = 2.2796n71/%, since ¢; = 2.279 - - - for the N(0,1) density.

Observe from (2.6) that the optimal rate of convergence to zero of E(J,) is
D1(f)n=%/® where Dy(f) = /\(cl%). Bounds for value of Dy(f) have been derived
by Devroye and Gyorfi (1985, pp.78-79). If B(f) = {%(ff%)4f|f"|}1/5 and
A(K) = fci/sn;/s then

CA(K)B(f) < Di(f) < C*A(K)B(f) (5.2)

where C' = inf,50 9(2)/t1/° = 1.028493-.- and C* = 5(87)~2/5. Since we are

working with the Bartlett-Epanechnikov kernel, (5.2) can be written
(0.60767-- )B(f) < Ds(f) < (0.81346 - -)B().

Table 5.2 compares these three quantities for four particular densities. Notice that
in each case the lower bound is remarkably accurate. The upper bound is not quite

as good since it relies on a rather crude approximation based on the inequality

Y(u) Su+(2/m)h.

2.5.2 Implementation of the Ly Window-size Selection Rule and Simulation

In Section 3 an L; asymptotically optimal window-size selection rule was
proposed. In this subsection we shall discuss its implementation when p=2, and
also its application to some simulated data.

To make the selection rule fully automatic a way had to be found for choosing
hy and hy. We decided to choose hs, for the estimation of f %, via least-squares

cross-validation. The window-size hy, required for the estimation of £, was found

20



by a generalisation of least-squares cross-validation to cater for estimation of den-
sity derivatives. Details of this extension are given in Appendix B and Hirdle,
Marron and Wand (1989). A problem which has been observed when using least-
squares cross-validation to select a window-size is the occasional occurrence of a
spurious minimum at an unacceptably small window-size. This window-sjze pro-
vides a curve estimate which is far too noisy so we selected hi and hj to be the
largest values at which a minimum occurs. This strategy provided reasonable
choices for almost every sample. The chosen window-sizes will be denoted by hy
and hy. To avoid the numerical computation of integrals in our cross-validatory
criterion functions we took K; and K,, as well as K , to be the Gaussian kernel
N(z) = (27)~*e=="/2 which, along with its derivatives, has simple convolution
properties (see Appendix B). The window-size selected by this procedure is de-
noted by h}, (see (4.4)).

A small simulation was run to test the procedure for the estimation of the
logistic density (f(z) = e®(1 + €*)~2) and the extreme value density (f(z) =
e®e™*"). For each of these densities 15 samples of size n = 200 and 5 samples of
size n = 400 were simulated and the resulting estimates compared to the estimate
obtained if ilz was used instead. The L;-optimal window-size for the logistic
density is asymptotic to 1.691n~1/5 which assumes the value 0.586 when n = 200
and 0.511 when n = 400. For the extreme value density the corresponding optimal
window-size is 1.010n /% which is 0.350 when n = 200 and 0.305 when n = 400.
Tables 5.3 and 5.4 list the values of A% and %, obtained from the simulation study.
The closeness of the two selected window-sizes for each sample is quite remarkable
since hy, is obtained from an L; “plug-in” rule while &, is based on least-squares
(L2) cross-validation. These rules asymptotically minimise L; loss and L, loss
respectively, so we have further evidence that there is little difference between L,

and Lo smoothing.

Figures 5.1 and 5.2 depict “average case” estimates obtained from the study
where, for each density and each sample size, we have plotted the graph of the

estimates obtained using the median performance value of h;. The performance
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Table 5.3 (a): Values of A% and &, for logistic
data and n = 200 (15 replications).

Bep. no. l hy I ko j

| 0.6985 | 0.6917
2 0.4743 | 0.4550
3 0.6117 | 0.6131
4 0.4296 | 0.5074
) 0.6318 | 0.5998
6 0.6287 | 0.6423
7 0.7315 | 0.7136
8 0.5376 | 0.5509
9 0.7785 | 0.0870
10 0.7806 | 0.8243
11 0.3909 | 0.3955
12 0.6602 | 0.6547
13 0.8035 | 0.8390
14 0.5881 | 0.5677
15 0.6644 | 0.6361

Table 5.3 (b): Values of A% and h, for logistic
data and n = 400 (5 replications).

l@. no. | h¥ th I
[ 0.5879 [ 0.5914
0.6193 | 0.5794
0.5692 | 0.5551
0.5785 | 0.5257
0.4081 | 0.4562

Gt | O DO =




Table 5.4 (a): Values of h* and h, for extreme
value data and n = 200 (15 replications).

I Rep. no. | h;, | hy l
1 0.4296 | 0.4455
2 0.4086 | 0.3996
3 0.3629 | 0.3535
4 0.0751 | 0.1047
5 0.1933 | 0.3665
6 0.4480 | 0.4315
7 0.1055 | 0.1645
8 0.3684 | 0.3526
9 0.5065 | 0.5371
10 0.3993 | 0.3943
11 0.3693 | 0.3495
12 0.4778 | 0.5042
13 0.4529 | 0.4638
14 0.4200 | 0.4161
15 0.1564 | 0.2042

Table 5.4 (b): Values of k) and hq for extreme
value data and n = 400 (5 replications).

lRep. no. | h; l ha

0.3747 | 0.3760
0.3679 | 0.3690
0.2355 | 0.2062
0.3316 | 0.3218
0.3793 | 0.3872

O i N
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Figures 5.1 (a) and 5.1 (b): Typical estimates of the logistic density when (a) n = 200 and (b)
n = 400. The broken curve is f; the unbroken curve is f5(:|h;;) and the dotted curve is In( Iha).
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Figures 5.2 (a) and 5.2 (b): Typical estimates of the extreme value density when (a) n = 200
and (b) n = 400. The broken curve is f; the unbroken curve is fn(:|h};) and the dotted curve is
fa(:lha).
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Figures 5.3 (a) and 5.3 (b): Typical “pilot” estimator for S when f is the logisticn density and
n = 400. Figure 5.3 (a) is the cross-validatory criterion function for the selection of hy. In Figure
5.3 (b) the broken curve is f”; the unbroken curve is FH(C1h).
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n = 400. Figure 5.3 (c) is the cross-validatory criterion function for the selection of Ay, In Figure

5.3 (d) the broken curve is f%; the unbroken curve is f,,*(-|7zl).
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Table 5.5: Annual rainfall data for Adelaide, South Australia
for years 1839 to 1977. Measurements are in metres.

| Year | Rain || Year | Rain || Year | Rain [ Year | Rain |

1839 | 1.985 || 1874 | 1.723 [ 1909 [ 2.750 [[ 1944 1.713
1840 | 2.423 || 1875 | 2.920 || 1910 | 2.462 || 1945 | 1.785
1841 [ 1.795 || 1876 | 1.344 || 1911 | 1.599 | 1946 | 2.259
1842 | 2.032 || 1877 | 2.492 || 1912 | 1.957 || 1947 | 2.189
1843 | 1.709 || 1878 | 2.210 |[ 1913 | 1.817 || 1948 | 2.140
1844 | 1.701 || 1879 | 2.070 || 1914 | 1.148 || 1949 | 1.823
1845 | 1.882 || 1880 | 2.247 || 1915 | 1.938 || 1950 | 1.606
1846 | 2.621 || 1881 | 1.805 |[ 1916 | 2.817 || 1951 | 2.554
1847 | 2.909 || 1882 [ 1.578 || 1917 | 2.890 || 1952 | 2.000
1848 | 1.976 || 1883 | 2.696 || 1918 | 2.664 || 1953 | 2.001
1849 | 2.555 || 1884 | 1.878 || 1919 [ 1.721 || 1954 | 1.674
1850 | 1.984 || 1885 | 1.589 || 1920 | 2.670 || 1955 | 2.458
1851 | 3.187 || 1886 | 1.442 || 1921 | 2.264 | 1956 | 2.726
1852 | 2.745 || 1887 | 2.569 || 1922 | 2.320 || 1957 | 1.675
1853 | 2.713 || 1888 | 1.457 || 1923 | 2.979 || 1958 | 1.757
1854 | 1.535 || 1889 | 3.087 || 1924 | 2.344 || 1959 | 1.132
1855 | 2.315 || 1890 [ 2.578 || 1925 | 2.191 || 1960 | 2.307
1856 | 2.494 (| 1891 | 1.401 || 1926 | 2.220 || 1961 | 1.497
1857 | 2.221 || 1892 | 2.153 || 1927 | 1.692 || 1962 | 1.796
1858 | 2.155 || 1893 | 2.152 || 1928 | 1.943 || 1963 | 2.455
1859 | 1.488 || 1894 | 2.078 || 1929 | 1.751 || 1964 | 2.192
1860 | 1.972 (| 1895 | 2.128 || 1930 | 1.865 || 1965 | 1.336
1861 | 2.360 (| 1896 | 1.517 || 1931 | 2.232 || 1966 | 1.951
1862 | 2.186 || 1897 | 1.542 || 1932 | 2.504 || 1967 | 1.011

1863 | 2.378 || 1898 | 2.075 || 1933 | 2.222 | 1968 | 2.572
1864 | 1.983 || 1899 | 1.884 || 1934 | 2.033 | 1969 | 2.068

1865 | 1.551 || 1900 | 2.175 || 1935 | 2.345 || 1970 | 1.901
1866 | 2.014 |( 1901 | 1.801 || 1936 | 1.934 || 1971 | 2.626
1867 | 1.910 | 1902 | 1.643 || 1937 | 2.305 || 1972 | 1.756
1868 | 1.999 |( 1903 | 2.574 || 1938 | 1.926 || 1973 | 2.662
1869 | 1.482 |( 1904 | 2.031 || 1939 | 2.329 || 1974 | 2.519
1870 | 2.386 || 1905 | 2.228 || 1940 | 1.616 || 1975 | 2.060
1871 | 2.355 || 1906 | 2.651 || 1941 | 2.256 || 1976 | 1.454
1872 | 2.269 || 1907 | 1.778 |[ 1942 | 2.544 || 1977 | 1.571
1873 | 2.106 || 1908 | 2.456 || 1943 | 1.774
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Australia. The broken curve is the density of the N(7,s?) distribution where F and s? are the
sample mean and variance respectively; the unbroken curve is fi54(+|hl,,)-



of h}, is measured in terms of minimising J,(h) and the median is obtained over
replications of the same density and sample size. The graphs of fn(lftg) and f are
also plotted for comparison. Finally, for the median performance estimate out of
the extreme value samples of size n = 400 (replication number 1 in Table 5.3 (b))
we also have plotted the cross-validatory criteria and curve estimates involved
in the various stages of the selection of h}. The graph in Figure 5.3 (a) is the
cross-validatory criterion function needed for selection of ftl (ﬁl = 1.0035). Note
the occurrence of a spurious minimum near & = 0.2. Figure 5.3 (b) shows the
“pilot” estimate f",,(-|k1) compared to f"(z) = e®(e2® — 4e” + 1)(e® +1)~2. The
cross-validatory criterion function for the selection of A, (hy = 0.5914) is plotted in
Figure 5.3 (¢) and the “pilot” estimate of f% is plotted along with f% in Figure 5.3
(d). Figure 5.3 (e) depicts the function A(u) and its estimate A,(u). The minimum

of Ap(u) is attained at u% = 1.396, which is reasonably close to u* = 1.300.

2.5.3 The Adelaide Rainfall Data

We applied the L; window-size selection rule to annual rainfall data for Ade-
laide, South Australia. The data were obtained from Table 15.1 of Andrews and
Herzberg (1985) where rainfall readings, measured in millimetres, are listed in six-
day totals for the period 1839 to 1977. The annual totals for these 139 consecutive
years constituted our sample. For numerical convenience we converted the totals
to metres. See Table 5.5 for these data. In the discussion adjoining the raw data
(Andrews and Herzberg (1985, p.105)) it was noted that a 23 year cycle is evident
in the data, as well as a gradual trend in winter rainfall. However, since we are
using the data for purely illustrative purposes, it was assumed that the annual

totals are independent and identically distributed.

With a Gaussian kernel in use the L; window-size selection rule chose h*,, =
0.2697. The density estimate based on this window-size is plotted in Figure 5.4.
The parametric estimate if the assumption of normality is imposed; that is, the
normal density function with mean and variance set to their respective sample

versions, is also plotted for comparison. It seems very reasonable to conclude that
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the annual rainfall for Adelaide has a symmetric distribution. The density estimate
appears to be heavier in the tails than the normal distribution. However, this
may be a symptom of the fact that, for relatively small sample sizes, window-size
selection rules often tend to oversmooth (compare Figure 5.1). Further analysis

should include a test for normality of the data.

2.6 Proofs
Throughout this section the symbols C, Co, C1,C4,. .. will be used to denote
positive generic constants, possibly having different values at different appear-

ances.
Proof of Theorem 2.1.

We begin by defining for C > 0,

I(n,h,C) = /

|z|>

2p+1
Au,C) = u_I/ oy (u b) ;
lz|<C g

where 9, b and o are the functions introduced in Section 2. We wish to first

E|fa(:|h) = f]
C

and

establish that for any C > 0and 0 < R < 1,
I(n,h,C) < g(C){W? + (nh)™H}, (6.1)
where g does not depend on n or & and limg e g(C) = 0. Let

Li(n, b, C) = /

|z|>

|Efa(:]h) — £
c
and

z

L(n, b, C) = /| [Vl

It follows easily from Liapounov’s inequality that I < I + I, so (6.1) will hold if

it is shown that

Ii(n, h, C) < g1(C)h? (6.2)

and

Ix(n, b, C) < go(C)(nk)~%, (6.3)
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where ¢1(C) and g3(C) each converge to zero as C diverges to infinity.

By Taylor’s theorem with remainder and the assumption that K is of order

b,
Efu(alh) = / K(2)f(z — hz)da

-0

=f(:c)+/_: K(z)/o h”%f@)(x—tzh) dt dz,

which leads to

(=D E fu(elh)—f(2)| = |17 /°° K(z)/o FP(z - tha)(1 - P~ dt dz| . (6.4)

Therefore we have

1
Ii(n, h,20) <h? / |K(2)| / |F (¢ — thz)| dt dz dz
|z|>2C J|hz|<C 0

1
h? K(z (P (2 — thz)| dt dz dz.
+ /IM /WCI (2)] / 1P (@ — the)| dt dz do

Observe that if |hz| < C and 0 <t < 1 then

(6.5)

{z:]2] > 20} C {z: |z — thz| > C}.

Thus the first term on the right-hand side of (6.5) is bounded above by

1
h”/ IK(z)l/ / ]f(p)(a:—thz)ldxdtdz
|hz|]<C 0 Jlz—thz|>C

< ( / lKl) /IM FP )] dy.

If 0 < h <1 then the second term is no more than

hP /IWO |K(2)] dz / |fP] < cmrhr / 2P K (2)| dz / £,

Therefore Iy (n, h,2C) < ¢;(2C)hP? where

n(20) = ([ k1) /IM FPWldy+0 [1oxe)d [199)

Clearly, limeo_o 91(C) = 0, which concludes the proof of (6.2).
To prove (6.3) we let & > 1 and note that by the Cauchy-Schwarz inequality,

L
2

B 1,€) < 3(€) | [ Varlia(alm}(1 + 1) ds|
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where 1
3

03(C) = {/Wc(l + 2|7 da:} . (6.6)
Trivially,
1+ |z|* <2%(1 + |o — hz|* + |h2]%), (6.7)
and
Var{ fn(z|h)} < (nh)~?! /K?(z)f(:v — hz)dxz. (6.8)

Combining (6.7) and (6.8) we obtain for 0 < h < 1

/ Var{ fu(z|B)}(1 + [2]*) da

< (nh)~120 //1{2(z)f(a: — h2)(1 4 |z — he|® + [h2|*) dz dx

< (nh)—12°‘{ (/ K2> /(1 + [y|*)f(y) dy

+/|z|°‘K2(z)/f(x—hz)dxdz}

= (nh)~12¢ {(/1{2) (1+ E|Xy|*) + / |z|°‘K2} :

which is finite for & = 1 + €. Therefore we have I;(n, k, C) < 92(C)(nh)~%, where

1

92(C) = g3(C)2*/ {(/K2> (1 +E|X1|°‘)+/|z|°‘K2}2.

Clearly g2(C) approaches zero as C approaches infinity, as required.
To establish (2.5) it is sufficient to show that for every Co > 1 and C; >0,

sup n”/(2”+l)I(n,hu,C’1) < ¢3(Ch) (6.9)
u€[Cy ', Co]

for all sufficiently large n, where limeg, —o0 93(C1) = 0;

lim sup
neee "6[06—1 1Co]

P/ (2p4) /| o, FUAaClR) = F1= M, C)| =05 (610)
|50

and

sup  [A(u, C1) — Mu)| < 94(Ch), (6.11)
uG[Go-l,Co]
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where limg, oo 94(C1) = 0. The functions g3 and g4 are each independent of n.
Result (6.9) is easily derived from (6.1) by putting A = h, and taking n large
enough to give
sup  n?/CPO(n h, Cy) < (Co+ CEg(Cy).
u€(Cy1,Co)
Condition (6.10) is a simple extension of Theorem 5.1 of Devroye and Gyorfi
(1985, p.78) with h = h,. Devroye and Gydrfi deal with second order kernels and
compactly supported densities. However, the extension to pth order kernels and
uniform convergence is straightforward. Observe that the left-hand side of (6.11)
is dominated by
w(@) = fpl) [ 1P @)ldot @miCms [ ey

lz|>Cy [z|>Cy
The function g4 tends to zero by the assumptions that f® is integrable and
E|X,|'*¢ is finite for some € > 0.

For the proof of (2.6) note that
8E|fa(-1h) = fI 2E{|fa(-1h) = Efa(-1B)| = |Efa-1B) — I} + 2B|fa(Ih)  f]
=E|fa(:[h) = Bfa(-|R)| + |Efa(-R) — f],

so clearly

3E{Jn(h)} = G1(h) + G2(R) (6.12)
where G1(h) = [ E|fn(-|h)=Efu(-|h)| and G2(h) = S |Efa(:|h)—f|. Using Fatou’s
lemma and the continuity of £(#), it follows from (6.4) that

liin_é(r)lf Ga(h)/h?
> {(p-1)}" /oo ‘/w K(z)/lli?i(r)sz(f’)(x —thz)(1 — t)P"ldtdz| dz
—00 |J =00 0 .

= @) [ 159

>0,
so there exist constants C;, Cy; > 0 such that G3(h) > C1h? whenever 0 < h < C.
Using the boundedness of K it is easily established that Ga(h) 2 C3 for h > C,.
Therefore we have

Ga(h) > Cy(h? A1), (6.13).
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Observe that for Cy > 1,

’llI;fOE{Jn(h)}=mln ue[cl'?f;’CO]E{Jn(hu)Lul)néoE{Jn(hu)}auéréi_lE{Jn(hu)} .

Choose Cy so large that u* € [Cy', Co] and apply (2.5) to obtain

inf  E{Jn(hy)} ~ n7P/ZPFD \ (%), (6.14)
UE[CO_I,COI

We are finished if we show that for Cy sufficiently large,

inf E{J,(h)} = inf E{Jn(h4)}. (6.15)
h>0 uE[CE'I,Co]

It follows from (6.13) that
; > ; 2p,,—p/(2p+1)
ulgléo E{Jn(hy)} 2C4 ul;léo{u n A1}
=Cy{C3Pn~P/P+D) A1}
which, in view of (6.14), is larger than infue[co'l,co] E{Jn(hy)} for sufficiently large

Co. Also by Lemma 6.1, stated below, we obtain for large n,

inf E{Jn(hu)} >C inf {u—ln—p/(2p+1)/\1}
u<Cyt u<Cy !

=C{Con—p/(2p+1) A1}
which can also be made larger than infue[cg1,co] E{Ja(hy)} by taking Cy suffi-

ciently large. This completes the proof of (6.15). B

Lemma 6.1. If K is bounded, has compact support and integrates to unity, and
if f is bounded, then there exists a constant C' > 0 not depending on n or h, such

that forn 21 and 0< h <1,
/ ElfaC1h) = Efa(-10)| > C{(nh)~% A1},

Proof. Applying Lemma 5.8 of Dévroye and Gyorfi (1985, p.90) to the random

variables

Zi = h ' K{(z — X;)/h} = B[p K{(z — X:)/h}], i>1
we obtain the bound

E|fu(z|h) — Efa(z|h)| — (2/7)% {Varfa(c|h)}? | < Ci(nh)7,

where C; does not depend on z, n or h. For A > n~! it may be shown using
standard arguments based on the asymptotic formula for Var{f,(:|h)}, that for

some bounded interval I,
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JvetaCimnE 2 Catom)
I
Therefore, for h > C3n~! and Cj3 sufficiently large,
[ BlAaCl) = BB 2 FCanb)H,

so the result is true for A > C3n~1. Now let A < C3n~! and suppose that the

support of K is contained in the interval [—s,s]. Then

P{fn(z|h) =0} 2 p(z;n)

where
p(z;n) = P{|X; —z|>sh, 1<j <n}
= {1 — P(|X; — | < sh)}",
Now
P(X:—al<sh)= [ (w)dy <2Bsh
ly—z|<sh

where B = sup f. Noting that 1 —¢ > e~ for 0 <t < % we get for large n,
p(z;n) > exp{—2Bsnh — (2Bsnh)?}
> Cyexp(—2Bsnh)
> Cy exp(—2C3 Bs)
=C5 >0

where C5 depends on none of z, n, h. Therefore
J BBl = BLCW) 2 [ 1B GIWIPUa(elh) = 0} do

> [1Bfu(eIWlp(zn) do
/ Efa(z|h) do

> Cs

= Cs,
which completes the proof. B
Proof of Theorem 4.1.
Our proof relies upon the following theorem of Devroye (1988). We state it

here as a lemma.
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Lemma 6.2. Suppose that [|K| < co. For all € > 0,

sup  P(|Jn(h) — E{Jn(R)}| > ¢) < 9g—ne/{32( [ 1K1)?}
h>0,f€D

where D is the class of all densities.
Define h,,, and szP, to be the window-sizes which minimise E{Ja(h)} and
Jn(h) respectively. It may be readily established that for a > 0 sufficiently large

we have h,,, € I, = [n™%,n%] and

Lim P(h,.,h €7, foralln >n')=1.

For ¢ > 0, let H = H(a,c) = {h1, hs,...} be the strictly increasing sequence given
by

hy =n~¢,

h'i-’{-l = hi + n—c, i 21,
and let m be the integer for which hp_; < n® < h,,. For each h € Z, define hy
to be the h; which is nearest to . Thus we have |h — hy| = inf;>; |h — h;|. Our
first aim is to prove that we may choose ¢ = ¢(a) so large that for some C' > 0

independent of n and the sample,
sup |Jn(h) = Ju(hy)| < Cn™2. (6.16)
heZ,

Suppose that the support of K is confined to [—s, s] for some s > 0. Then it can

be shown that
|Tn(h) = Jn(h2)] < 25(sup [K)hnlh=" — hzl|+ / K (2) ~ K (he/hw)| dz. (6.17)

For h € Z,, the first term is bounded above by 2s(sup |K|)n®—°. Using the Holder

continuity of K we obtain for constants 3, > 0,
/IK(:::) — K(zh/hy)|dz S,B/Ix —zh/hy|"I(|z| < s or |hz/hy| < s)dz
<Bna=) / e I(2] < s or |o| < sha/h)de.

Next choose ¢ so large that for positive constants C; and Cy we have n®=¢ < Cin1,
n(¢=9)7 < Cyn~! and hy/h < 2. Then an upper bound to the right-hand side of
(6.17) is

2s(sup |K|)Cin~t + ,802/ |z|Y dzn !,
le]<2s
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from which (6.16) follows immediately.
Letting A(h) denote the difference J,(h) — E{J,(h)}, (6.16) implies that

sup [A(h) — A(hy)| < 2Cn7L. (6.18)
heZ,
Set v,n > 0 and let e = yn~%+7 in Lemma 6.2 so that

1<5< =

<Omexp [—uznz"/{BQ(/ |K|)2}] .

Therefore, since m = O(n®*°) as n — oo,

Z P{n*™" sup |A(R;)| > v} < oo
1<j<m

n=1

for arbitrary v > 0. It follows from this and the Borel-Cantelli lemma that

lim n¥~" sup |A(hj)| =0

nree 1<j<m

almost surely. This and (6.18) together imply that
lim n%~" sup |A(R)] =0
n—oo T,

almost surely. Suppose it is established that for some n >0, Cy > 0 and all

sufficiently large n,

Jof B{Ja(h)} 2 Con™ %+, (6.19)

Then simple arguments lead to

lim { inf Jn(M)}/Linf B{Ja(h)}] =1

n—oo

almost surely. Taking a sufficiently large we obtain (4.9). The same arguments
can be employed to prove (4.10). 7
It remains to prove (6.19). Recall from (6.12) that

3E{Jn(h)} 2 G1(h) + G2(h) (6.20)
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where G1(h) = [ E|fn(-|h) — Efa(:|R)| and G2(R) = [ |Efa(-|h) = f]. Lemma 6.1
asserts that for 0 < h < 1, Gy(h) > Cg{(ﬂh)—% A1}. A lower bound for G,(h) is

obtained by first observing that for all z € R,

|Efn(z|h) — f(2)] = (/K(Z){f(x — hz) — f(z)} dz| < 2(sup f) / K.

Hence

Ga(h) > {2<sup N IKI}—I JiEsaCm - 117 2 cure )

for some b > 0. The second inequality follows from Lemma 1 of Stone (1984).
Result (6.19) can be derived easily from (6.20) by considering separately (i) n=® <
h<n™l,(li))n~! <h<1and(iii) 1 < h < no.

Proof of Theorem 4.2.

(i) Proof of (4.11)

To prove (4.11) it is sufficient to show that

lim [ IBFD (b)) - 7P = 0 (6.21)
and
Jm [ 159 () = BP ()| = 0 (6.22)

almost surely.

To prove (6.21), consider

Ef®(z|hy) = AT? / = K®(2)f(z = hyz) dz

—0o0

= /oo Ki(2)fP (2 — hy2) dz,

-0

the last equality coming from p steps of integration by parts. Therefore

Ef{P(alh) - fP(z) = / KO~ hs) - £ (@)}

-0
Suppose that the support of K is contained in the interval [—s, s]. Then for each
C >0,

sup |EFP (z]hy) — FP(z)] < / K1(2)] sup [FP(z = hyz) — £ (2)] d.
lz|<C [2]<s lz|<C
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Now f(?) is continuous and therefore uniformly continuous on [—C, C, so for each
z € [_S’ 3]7

lim sup lf(”)(a:—hlz)—f(p)(xﬂ = 0,

T z|<o
since hy — 0 as n — oco. Since f(?) and K, are bounded it follows by dominated

convergence that

Lim sup |EfP)(z|hy) — fP(z)| = 0. (6.23)

TR z|Lo
Take hy so small that hys < 7C and observe that for |z| > C and |z| < s we must
have |z — hyz| > 2C. Then

1 |>c/||< (D FP (2 — hyz)| dz da

(»)
+ /MSS 1K (=) de /IM P (z)] da,

/ EFP(|hy) — £P) <
z|>C

and since both terms of this last expression are dominated by

(frmt) [ 1@l

2

we arrive at the bound

/IZI>C IEfP(|hy) — FP)| < 2 (/ |K1|> /M)%C £ ()| de. (6.24)

Combining (6.23) and (6.24) we get for arbitrary C > 0,

limsup/IEf,(,”)(-Ihﬂ = f(p)l < Cl/ If(P)(a;)lda:,

lz]>3C

where C) = 2([ |K,[), and so (6.21) follows from this and the integrability of f(»).
The proof of (6.22) uses a version of Bernstein’s inequality (see Hoeffding

(1963)) which we state as a lemma.

Lemma 6.3. IfYy,...,Y, are independent and identically distributed with zero
mean and variance o, and if each |Y;| < ¢, then

p(iy,.

i=1

> t) < 2exp{—1t’(no? + ct)7'}
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for all t > 0.

Note that for any £ > 0 the integral on the left-hand side of (6.22) is bounded

above by

/ TJe [hl)—Ef,EP)(-lhl)H/ Ifff’)(-lhl)l+/ |fP ()] da
lz|<é |z|>¢ |z|>¢
; / B£P (hy) - £,

so it suffices to prove that for some sequence ¢ = £(n) tending to infinity,

lim IFP(|hy) =0 (6.25)

OO Jlz|>¢

almost surely and

lim £ (-|h1) — EfP(-|hy)| =0 (6.26)

T 2|

almost surely. Take h; so small and ¢ so large that h;s < %{ . Then
U o (R LSRR VS TP
[z|>¢
= (D3 / K®()) da

<sup|K(p)[(nhp)— Z/ dz

hiz4+X:|>&|z|<s

< 2ssup |KP|(nk?)~1 I(|X,-| > 1¢), 6.27
1 1 2

=1

since |X;| < ;¢ implies that the set {z : |hyz + X;| > €; || < s} is empty. Let
e > 0 be such that E|X;|'** < 0o and put a = 1+ e. We take ¢ = h7?/? where

2a/(a+1) < f < a. By Markov’s inequality,
p=P(|X1|> 38) < Co6™
where C; = 27*E|X;|*. Now,

hiPp < CohP@=PIE ¢, (6.28)
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For each § > 0 we have by Lemma 6.3 (with ¥; = I(|X;| > 3)=-pc=2t= énh¥,

o? = p(1 - p))

D> {I(X] > 16) - p}

i=1

> 5nhf:l

o=

< 2exp[—3(6nh})* {np(1 — p) + 26nRE} 7).

Note that for by < 1, p(1—p) < p < CoA2*/? < C,h? andso g < 2exp{—-C3(6)nh2}.

Clearly nhf/logn — oo, implying that ¢ = O(n~F) for all k¥ > 0. Therefore

S P

n=1

n

> 10X > 3¢) - p}

i=1

(nh})™

>5J<oo

for all § > 0, so by the Borel-Cantelli lemma,

=0

lHim (nh])™!

> AT(1X:l > 36) - o}

=1

almost surely. Combining this with (6.28) we obtain
lim (nhf) ;I(IXzI >36)=0

almost surely. The result at (6.25) is a consequence of this and (6.27).
For the proof of (6.22), define

3 (z) = /00 Kfp)(z)2f(w — h2)dz

-0
and

() = max{r{(z), (1 + |2**) 7"},

Also let Sc = {z € (~¢,¢) : (1 + |&|*)r%(2) > 2}. We shall prove separately that

lim 1FP (k) = EfP(-|h1)] = 0 (6.29)

"0 Jz|<6;7€ 80

almost surely, and

lim |fP(-|h1) = EfP(|ha)] = 0 (6.30)
neo jz| <€z ESeo
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almost surely. To derive (6.29) we first prove that the Lebesgue measure of Soos
L£(So0), is bounded. Observe that (1+|z|*)7%(z) > 2 if and only if (I+]z]|*)r2(z) >
2 and let Y; be a uniform random variable on (—c¢,¢). Then by Markov’s inequality,
rE{(L + Y [)ri(Yo)} 2 P{(1 + |Ve[*)r2(Y.) > 2}

= P{(1+|Ye|*)r*(Y2) > 2}

= 2c71L(S.).
Therefore

£5)<} [ (4 i) de
~c

for all ¢ > 0 and hence
LS < [ A +lel i) de
—oco
= [ kPG [Tty me)sw)dys
< 90 / KP(2y? / (1+ [y]* + 12| f(y) dy d=
—oco -0

=2 | [P + 1)+ 0 [ aperc?]
<o

uniformly in h; < 1, since E|X;]* < oo and KP is compactly supported. For
1

each § > 0 the integral in the left-hand side of (6.29) is no more than
| 1D Ch) = BEPCBIP Clhe) - BFD ()l < 6)
+ [ PG ~ BEP ORI Che) - BEP () > 0

< BL(S0)+2 /S FPCRIIFD (hy) = EFP (b > )

< 6L(Soo) + hy PV (25up |KP )M, (6.31)

where

MIE/SWI(

Let ¥; = K{P{(z=X;)/ b}~ EKP{(x=X:) /b }, ¢ = 2sup |KP| and ¢ = §nh?H,

n

YIEP{(z — X3)/h} = BKP {(z - Xi)/he)]

i=1

> 6nh‘1’+1> dz.

and note that
o? = Var(Y;) < r¥(z)hy < Cihy
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for some constant C; > 0 independent of n and h;. This leads to
12(0%n + ct)™! > Co(8)(nhEY)2(Crhyn + nhPT1) 1
> C3(8)nhirtt,

Therefore by Lemma 6.3,

E(Ml) S 2/ 6_03(5).’1},’]2.?4-1 e — 2£(S°o)e—ca(5)nhfl’+1 _ O(n_k)
Soo

for all ¥ > 0, since nhfp +1 /logn — co. Thus we may conclude by Markov’s in-
equality and the Borel-Cantelli lemma that lim,—c Ay (p +1)]\/I1 = 0 almost surely.
This implies that
lim sup £ (1hy) = EFP(Jh)| < £(Se0)8
=00 J|z|<€57€S00

almost surely for all § > 0, from which (6.29) follows immediately.
The integral on the left-hand side of (6.30) may be written as

IS (nh2)1 Yy
+/ (AP Y Y -’{
lol<tiagSu | | Z‘: 1

< / P/ 4 BT P (25up | K P ()M,

M2 E/ I{
[z|<€izESeo =

¥
=1

(nRITH™ Y, < 5T(w)ﬂ/°’} de
i=1

(nh{)'l'l)—l Z y;

i=1

> 67'(:1:)‘3/"} dz

where

> 5nh’1’+1'r(x)ﬂ/°’} dz.

From Holder’s inequality we have

/°° r(z)f/* dz < {/oo (221 + |2])® da;}ﬂ/(h)

x {/ (1+ |x|)—a/3/(2a—ﬂ) dr

The second factor on the right-hand side of (6.32) is finite by choice of 8. To deal

(2a=8)/(2a)
} . (6.32)

with the first factor, observe that

[ @t riehde s [ @0+ R

—OC0

o0
+ / (1 + 2L + [oP*) " da.
-_—0
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Clearly the second term on the right-hand side of this expression is finite. The

first term equals

/°° /00 Kfp)(z)zf(x — h12)(1 + |z|)* dz dz,

which is finite uniformly in £, < 1 using the fact that E|X;|* < oo as before. This
proves that [ 7#/% < oo. Therefore it suffices to prove that E(Mz) = O(n™F) for
all 6 >0 and k¥ > 0. We apply Lemma 6.3, again with the same Y; and ¢ but this
time with ¢ = 5nh11’+11'(m)ﬁ/°‘. From before we have 0% < 7 (z)?h, < T(z)?hy, so

that
T(z) = +t*(no? + ct)™?

> 167(2)*P/*(nh2 T nhy7(2)? + conhlTir(g)B/o} 1
> Cy(8)7(2)*/*(nhy T )2 {nhyr(2)? + nhP T r(z)B/>} 1,
Suppose firstly that A < 7(z)?~8/*, Then
T > LCy(8)r(x) oA applrtl
> 28/2=2Cy (6nhi?H (1 + |z|*)(a—A)/=
> 2072720, (§)nhiPH,

since ¢ ¢ Soo entails 7(z)™? > (1 + |z|*). Next suppose that A? > r(z)2~#/,

Then
T > 1C4(6)nhftir(a)P/e

> 3Cu(6)nh™ (1 + Jaf?) A/,

since 7(x)? > (1 + |z|2%)71. Since |z| < ¢ = hl_p/ﬂ we have
(1+ |z[>*)=F/C) > o2,

giving T > Cs(8§)nh??™!, Combining both these bounds gives T(z) > Cs(6)nh3P+?
for all z ¢ Soo and |z| < €. Therefore by Lemma 6.3,
E(M,) < 2/ e~ T dr < 4€ exp{—Cs(8)nh2PH} = O(n~F)
|2 <3¢ Se0
for all ¥ > 0 and § > 0, as required.
(11) Proof of (4.12).
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Let a« =1 + ¢, so that E|X;|* < co. Then
L > ¥
Jistct =< { [ ifuelin) - 5@+ o1 de

oo 3

y {/ (1 + |2[*)~2 dx}
by the Cauchy-Schwarz inequality. Since ffooo(l + |z|*)~1 dz is finite we need to
show that [ |fu(z|he) — f(2)|(1 + |z|*)dz — 0 almost surely as n — co. For

C > 0 this integral is dominated by

(1+0%) / Falclh2) = £ + /Iz|>cf(w)(1+lwl°’)dw+ /IM Fal@lha)(1 +]a|*) da.

Under the conditions imposed on f, K5 and A, in the theorem, limp oo [ | frn(+|R2 )—
f| = 0 almost surely (see e.g. Devroye and Gydrfi (1985) Theorem 3.1, p.12). Also
lim flz)(1+ |z|*)dz = 0,

C—o0 |x|>C’

since E|X1|* < oo, so it remains to show that

lim limsup/ fn(zlh2)(1 +|2]%)dz =0 (6.33)
S z]>C

X np—oo
almost surely. Suppose that the support of K, is contained in [~s,s] and let hy
be so small that hys < 7C. Then the integral in (6.33) can be written as

=Y / Ea(y)(1+ |1 Xi + hay|®) dy
i=1 V| Xi+hay|>C;ly|<s

< 2% ssup |[Kon™' ) (14 | X:[*)I(1X:] > 10)

=1

+203 [l Ka(y) dy.

By the strong law of large numbers,
lim 0=t S (14 X)X > 10) =/ £(@)(L + |2|*) da
Jim ;( X *)(] 2 .

almost surely as n — co. Therefore, noting that K, has compact support,

limsup /prc Falzlha)(1 + J2[*) < €y /lzplof(x)(l + |e|*) da

n—o00 3
almost surely for some constant C; > 0. Result (6.33) follows immediately from

this and the existence of E|X;|*. N
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Chapter Three

MINIMISATION OF L, DISTANCE IN
HISTOGRAM AND FREQUENCY POLYGON
DENSITY ESTIMATION

3.1 Introduction

The histogram is the exordial nonparametric density estimator. However, it
still enjoys a great deal of usage in data analysis and presentation. A closely re-
lated density estimator is the frequency polygon which is constructed by straight-
line interpolation of the histogram. In the univariate cas;a both estimators are
based on partitioning the real line into equal-sized intervals, or “bins”, and count-
ing the number of sample points in each bin. The smoothing parameter associ-
ated with each of these estimators is the length of the partition intervals, often
referred to as the bin-width. This chapter is concerned with using techniques
employed in the previous chapter for kernel density estimation to derive similar
optimality results for the histogram and frequency polygon. Our theory leads to
an L; version of the rules of Scott (1979, 1985) for bin-width choice. We also
extend the work of Devroye and Gyorfi (1985) to derive closed form bounds for
liminfr,—co infaso n2/8 E{Jn(h)} and limsup,_, ., infaso n2/3 E{J,(k)} for the fre-
quency polygon, where J,(h) is the L, distance between the frequency polygon
fa(+|R), with bin-width k, and true density.

Section 2 treats the histogram, followed by an analysis of the frequency poly-
gon in Section 3. Numerical examples are presented in Section 4. Section 5

contains proofs.

3.2 L; Theory of the Histogram

We shall consider histogram density estimators defined on the real number
line with respect to the partition {B,., r € Z} where B,, = [rh,(r + 1)h). The
partition elements B, are the bins of the histogram and A is the bin-width. Since

our results are asymptotic in nature we will assume that A = h(n) is a sequence
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of positive numbers satisfying

lim A =0 and lim nh = . (2.1)

n—oo n—oo

The histogram estimator of f(z) is given by
fa(z|h) = h—lﬂn(Bnr); z € By,

where p, is the empirical measure based on the sample Xi,...,X, and is given
by
pn(S) =n"lcard{i: 1< i< nand X; € S}, SCR.

Under certain smoothness assumptions on the density f, Scott (1979) and Freed-
man and Diaconis (1981) have shown that the Ls-optimal bin-width for the his-

togram is asymptotic to

w={s/ [ (f’)2}1/3 poiss (2.2)

and that the optimal rate of convergence to zero of expected L; loss M,(h) =

J{fa(:|h) — f}? is given by

B0 = /2 { [/ 6}1/3 nH 4 o(n2/%), (2.3)

Scott (1979) proposed a data-based rule for choosing h from the formula at (2.1)
by using the normal density family as a reference standard. The rule is based on

the observation that if f is the normal density with variance o2 then
hy = (24r¥) Pon~1/% = (3.49..)on /3,
This leads to the data-based choice
hh 5 = 3.49sn~1/3 (2.4)

where s is an estimate of the standard deviation.
Let Jo(h) = [|fa(:|h) — f] be the L; distance between f,(:|h) and f. Our
goal is to derive the Ly analogues of the formulae given at (2.2), (2.3) and (2.4).
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Devroye and Gyorfi (1985, pp.98,99) have shown that for all densities f having

compact support and a bounded, continuous derivative,

(nh3)%|zn|

YL ) +o{h + (nh)~ %}

E{Ja(h)} = /(nh)'%fh/) (
where 1 is the function introduced in Section 2.2 and z, is given by
zn(z) = 2[{(r + $)h — 2}/h]f'(z), =z € Bar.

Also, they have established the bounds

lim inf n!/3 inf E{Jn(h)} 2 (0.880261 - ) Ba(f) (2.5)
and

lim supn!/? inf B{Ja(h)} < (1.200381-)Bu(f) (2.6)
where

Ba(f) ={3([ 2 [IF 133

Therefore the optimal rate of convergence of E{J,(h)} lies between
(0.880--)Bx(f)n™*®  and  (1.290---)Bg(f)n"1/3,

and this rate is achieved by choosing the bin-width to be asymptotic to h, =
u?n=1/% for some u > 0 (thus balancing the orders of magnitude of the bias and
standard deviation of f,(-|h) as for the kernel estimator treated in Section 2.2).
The optimal choice of 4 and the corresponding rate of convergence of E{J,(h)}

can be determined from

Theorem 2.1. Suppose that f has a bounded and Lipschitz continuous first

derivative and vanishes outside a compact set. Then for all u > 0,
E{Ja(hu)} = ((u)n™/® + o(n717?)

where

cw=u [ f % oL (—%) dy d. (27)
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The L;-optimal bin-width is therefore asymptotic to 2* = (u*)?n~1/3 where

*

u* is the value of u that minimises {(u). To locate u* we observe that ('(u) =

2u~2A(u?) where

rw= [ /__{2vf (@ (2 ((9)”;3’) f()¢<”f((“)’)y>}dydx. (2.8)

Note that

which is clearly positive for all u > 0 since ¥, ¥" > 0; A(0) = —(27)~ 3 [ f* and
limy— oo A(v) = co. Together these results imply that u* exists, is unique and is
given by u* = (v*)!/® where v* is the solution of A(v) = 0. In view of Theorem
2.1 the best possible rate of convergence of E{J,(h)} to zero is ((u*)n=1/3

The assumption of f having compact support can be weakened to the existence
of E|X1|'*¢ for some ¢ > 0 by arguing as in the proof of Theorem 2.2.1.

In Section 4, examples of the Li-optimal bin-widths are presented. In partic-
ular it is seen that for normal data with variance o2 the L;-optimal bin-width is
asymptotic to

h* = (3.37- )on"1/3,

Therefore the L; analogue of the bin-width selection rule of Scott (1979) is
RY = 3.37sn™1/3,

which smooths about 96.5% as much as h}, ,. Consequently, the L, based rule and

the L, based rule are virtually equivalent.

3.3 L; Theory of the Frequency Polygon

The frequency polygon is the density estimator obtained by straight-line in-
terpolation of the histogram heights at the middle of each bin. This estimator is
defined on the partition {Gn,, r € Z} where G, = [(r — $)h,(r + 3)h) and is

given by

fa(z|h) = B7Y(r + % = 2/h)pin(Bn(r-1)) = A7 (r — % —&/h)pn(Bnr), = € Ghr.
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Here the B, have the definition ascribed to them in the previous section. Again
it is assumed throughout that the bin-width h satisfies (2.1). The L; loss of the

frequency polygon is investigated by Scott (1985) where it is established that for
Mu(h) = [{fa(|R) — f}?,

1/5
E{M.(h)} = (5/12) {49 /(f”)2/15} n=4/5 4 o(n=4/%)
and the bin-width required to achieve this minimum is asymptotic to

. 15 1/5 B

Also in Scott (1985) the frequency polygon bin-width selection rule
"y =215sn"1/° . (3.2)

was proposed (s being an estimate of the standard deviation) and is based on the
result
h% = 2(407% /49) /Pon~1/5 = (2.15-..)on "1/

for Gaussian data having variance o2.

The asymptotic theory of L; loss, Jo(h) = [ |fa(:|h) — f|, of the frequency

polygon developed here is for densities belonging to the function class F where
F = {f: f is a density with two bounded, Lipschitz continuous derivatives}.

For each f € F we put B(f) = {3(f f¥)* [|f"|}}/® as was done in Section 2.5
in the context of kernel density estimation. We also define 4 to be a universal

constant given by

v =1 +log,(1+2%)/23/2,

Theorem 3.1. For all f € F,

liminf n?/® inf E{Ja(h)} 24142 B(f) (3.3)

n—oo

>A1A2A;

where
Ay = inf w34 (u) =1.028493 - - -,

A =(y*/4)'/°
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and

As = nf B(f) = (2°/8")'/".

Our next result involves the functions s, and ¢, given by
5n(2) = {1 = 3(z = rh)2/R2}f"(2)/6, 2 € Gine

and

ta(z) = {} + 2z — rh)}/R2}3 f(2)%, z € G
Theorem 3.2. Suppose f € F and has compact support. Then

(nh3)%s

n

E{J.(h)} = /(nh)-l Y ( ) + o{h? + (nh)~ %}, (3.4)

In addition,

limsup n?®/* inf E{J,(h)} < A4B(f) (3.5)

n—oo

where

= 5{7*/(16m)}*/°.

The bounds given at (3.3) and (3.5) are the frequency polygon analogues
of the bounds for the histogram stated at (2.5) and (2.6). It follows from these
that optimally, E{J,(h)} converges to zero at a rate between C B(f)n~2/5 and
C* B(f)n=%/° where C' = 0.659 - and C* = 0.882- - (so that C*/C =1.339-..).
This optimal rate of convergence of order n~2/5 is achieved when A ~ h, = u2n=1/5
for some u > 0. To extract the exact optimal rate of convergence of E{J,(h)} and

the corresponding optimal bin-width we appeal to

Theorem 3.3. Suppose f € F and has compact support. Then for all u > 0,
E{Ja(ha)} = ((u)n™%% + o(n72/%)

where

= [~ / o(a,uy (s 1) ay (3.6)

o(z,y)
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b(z,y) = f"(2)(12y* - 12y - 1)/24 and o*(z,y) = f(z)(2y* — 2y + 1).

It follows from this result that the minimising value of u is u* = (v*)2/% where

v* is the unique solution of

/. /{4vb(w we (U 2 - o(a, )¢<t;b((m,5))>}dydx=o. 3.7)

This leads to A* = (u*)?n~1/% as the asymptotically optimal bin-width.

Once again we note that the assumption of compact support made in Theo-
rems 3.2 and 3.3 can be weakened to the existence of E|X;[1*¢ for some € > 0 by
arguing as in the proof of Theorem 2.2.1.

It is seen from results in Section 4 that the L; analogue of Scott’s (1985)

bin-width selection rule given at (3.2) is
Ry = 2.07sn~1/5,
which provides about 96% as much smoothing as h3 2

3.4 Numerical Results

In this section we shall present some examples of Ly-optimal bin-widths and
rates of convergence for the histogram and frequency polygon. Subsection 1 con-
tains results for the histogram; results for the frequency polygon are given in

Subsection 2.

3.4.1 Ly -optimal Bin-widths and Rates of Convergence for the Histogram

The following discussion applies to the histogram density estimator defined
in Section 2. There it was established that the optimal bin-width for minimising
expected L; loss is asymptotic to ¢;n~!/3 where the constant c; is obtained by
solving A(v) = 0, with A having the definition ascribed to it at (2.8), and then

setting ¢; = (v*)?/%, The value of ¢; can be compared to its Ly counterpart

. {6//(f’)2}1/3,

the coefficient of n='/2 in the formula for the L;-optimal bin-width given at (2.2).
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Table 4.1: Values of ¢y, ¢; and ¢, /¢, for
the histogram.

|  Density [c |2 |ea/e |
N(0,1) 3.37 | 3.49 | 0.97
Beta (4,4) 0.57 | 0.62 | 0.92
Extreme Value | 3.77 | 3.63 | 1.04
Logistic 5.75 | 5.65 | 1.01

Table 4.2: Values of CBy(f), Di1(f) and C*By(f) for
the histogram.

[ Density [ CBu(f) [ Di(f) | C*Ba(f) |
N(0,1) 1.11 1.19 [1.63
Beta (4,4) 1.04 1.13 1.53
Extreme Value | 1.16 1.28 1.71
Logistic 1.19 1.28 1,74




Table 4.3 (a): Values of By(f).

L

Density | Bu(f) |

N(0,1) 2173

Beta (4,4) | (1102572/65536)17°

Extreme Value | (27 /¢)!/3

Logistic (r/2)*?3

Table 4.3 (b): Values of B(f).

Density | B(f)
N(0,1) (1287 /&)1
Beta (4,4) | (83349752 /8)1/5

Extreme Value | [87%e~3/2{5% cosh(5%/2) — 2sinh(5%/2)}]'/5

Logistic

(7(.8/27)1/10




The values of ¢; and ¢, were obtained numerically for the following densities:
N(0,1), Beta(4,4), extreme value and logistic (see Section 2.5 for their respective
definitions) and are presented in Table 4.1. Notice that the percentage difference
¢1 and ¢y is quite small in every case. This provides further evidence that there
is little difference between estimating a density with respect to the L; norm and
with respect to the L, norm.

Also for these densities we computed the corresponding optimal rate of con-
vergence of E(J,) to zero. This quantity has leading term Dy (f)n~1/3 where
Dy(f) = C(c;f) and ¢ is given by the expression at (2.7). According to (2.5) and
(2.6) the bounds

CBy(f) £ Di(f) £ C*Bu(f)

exist, where C' = 0.880 and C* = 1.290. The value of By(f) for each example
density is given in Table 4.3 (a). In Table 4.2 we tabulate D;(f), CBy(f) and
C*By(f). As for the kernel density estimator, the lower bound approximates

D;(f) to a high degree of accuracy.

3.4.2 Ly -optimal Bin-widths and Rates of Convergence for the Frequency Polygon

Results for the frequency polygon corresponding to those given for the his-
togram in the previous subsection are presented here. For the frequency polygon
density estimator defined in Section 3, the L;-optimal bin-width is asymptotic to
c1n™1/® where ¢; = (v*)?/5 and v* is the solution to the equation at (3.7). The
L;-optimal bin-width is asymptotic to can=1/% where

15 ]1/5

°2=2[W

Examples of values of ¢; and ¢, are listed in Table 4.4 and once again we see that
there is virtually no difference between them.

For the frequency polygon the optimal rate of convergence of E(J,) is Dy(f)n—2/5
where D,(f) = C(clé)n‘l/5 and ¢ is as defined at (3.6). In Section 3 D,(f)
was shown to be bounded below by CB(f) where C = 0.659, and above by
C*B(f) where C* = 0.883. Table 4.5 provides a comparison of D1(f) and its
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Table 4.4: Values of ¢, ¢; and ¢;/c; for
the frequency polygon.

uensity [ ¢ [ Cy ] a/ cz—]
[ N(0,1) 2.07 [ 2.15 [ 0.96
Beta (4,4) 0.35|0.39 | 0.89
Extreme Value | 2.06 | 2.08 | 0.99
Logistic 3.41 | 3.33 | 1.02

Table 4.5: Values of C B(f), Di(f) and C* B(f) for
the frequency polygon.

| Density | CB(f) [ Di(f) | C*B(f) |
[ N(0,1) 1.09 |[1.12 |1.46
Beta (4,4) 1.02 1.09 |1.36
Extreme Value | 1.18 1.28 1.58
Logistic 1.19 1.23 1.59




bounds. The values of B(f) for each of these densities are given in Table 4.3

(b).

3.5 Proofs

The symbols C,Cy,Cy,. .. will be used to denote positive generic constants
throughout this section. For the first proof, fa(:|k) is the histogram density esti-
mator defined in Section 2.

Proof of Theorem 2.1.

According to Theorem 5.6 of Devroye and Gydrfi (1985, p.99) we have

E{Ja(hy)} = Mu)n™3 4 o(n=1/3)

so it suffices to prove that A(u) = ((u) + o(1) as n — co. Let &, = (r + L)h,,
r € Z, denote the bin mid-points and put Z; = ZN[-Ch!,Ch;! —1]. Applying
the inequality

P(v) £ 2/7)F +v,  ©>0, (5.1)

we obtain

2 / .09 (;;zn) < 2k, {(2/7)% sup f¥ + (u®/2) sup | ']} = o(1)

r¢Ze

which gives

Aw) =t 3 / f(z) (usf'(w)(@' :Enr)> dz + o(1)

r€Zc uf(:”)’
_ ud f'(€nr + huy)y
) By nr + Ryt ( dy +o(1). (5.2
rGZZc / f(E " J) & f(snr'i'huy)% ) ) O( ) ( )

Also, by Lemma 2.2.1 and Lipschitz continuity of [f’| and f%,

i 3 p1 3 3 g1
2 - hu !2“ (u f (6nr+huy1)y> dy — o -} (u f(gml)y) d
[ s hats () iy [ st (S8

< [ 1 G+ hatdl = £ €l dy + @/m)E [ 15nn + hat)t = ur) ¥y

1 1
§u3/ Ciyha dy+(2/7r)%/ Calylhe dy

S T -1

2 2
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where C3 > 0 does not depend on n. Combining (5.2) and (5.3) leads to

Mu)=u"t > hy / F(&nr) ¢( f“"’”) dy +o(hu).  (5.4)

r€Zc¢ (ﬁnr)

On account of the absolute continuity of f' and Corollary 2.24 of Freedman and

Diaconis (1981) the right hand side of (5.4) can be approximated by an integral

A(u)=// flz)* d)( ;’(c()"’) )dyd:v+0(hu)
=C(U)+0(1),

as had to be shown. i

so that

For the rest of this section we take f,(:|h) to be the frequency polygon den-
sity estimator defined in Section 3. The proofs of Theorems 3.1, 3.2 and 3.3 are

preceded by six lemmas.

Lemma 5.1. Suppose that lim,—o [ |Efa(-|h) — f] =0 for a given f € F. Then

limp—oo h = 0.

Proof. For z € R let gp(2) = E fo(z|h). Assume first that lim,— b = co. Then

gr(z) — 0 for all z, and
liminf/lgh - fl> /limioréﬂgh —fl=1

which is a contradiction. Let b be an arbitrary positive constant. Observe that

J lgs = f|] = 0 is equivalent to

/ lgp — fl=0 forallre Z.
Ghnr

Since g, is linear on each G, this implies that f is piecewise linear. Consequently
f!" vanishes almost everywhere implying that f = 0 almost everywhere since feF.

Therefore we must have [ |gy — f| > 0 for b > 0. Now assume that & — b and

/Igb—flS/Isih—f|+/|gh—gbl-

Since gp is continuous in h, [|gs — gs| — 0 which leads to another contradiction.

observe that

Thus, invoking the subsequence argument, we conclude that limp,—oo h = 0. B
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Lemma 5.2. Let S C R be a finite interval with non-empty interior and p and q

be positive measurable functions on S. For any convex function ¥ on S we have

ream=([3)e(fo/ )

Proof. Let U be a random variable having density pls/ fsp and put V =
q(U)/p(U). Then, appealing to Jensen’s inequality,

|pvan)/ [ p=Brumy
>U{E(V))

= (fo/ [

which immediately gives the desired result. B

Lemma 5.3. Let (Y1,Y3) be a random pair having a trinomial (n; p1,p2) distri-

bution. For arbitrary real numbers o and B # 0 we have
sup P(aY + AY; = y) < " (1~ p1)/{np2(1 = pr = p2)}E + P(¥: > n/2)
yE

where ¢* is a universal constant.

Proof. Observe that

P(aY: + Yy =y) = Y P(a¥i + Yz = y|¥; = i)P(¥; = 1)

=0

=2 P{Zi=(y~ei)/f}P(Y: = 1)

where Z; is a binomial {n —1,p;/(1—p;)} random variable. Applying Lemma 5.14

of Devroye and Gyorfi (1985, p.101) we obtain for some universal constant ¢ > 0,
sup P(aY; + Yz = y)
yER

<3 (el = dp(t = p) {1 = po/(L = p)NE AT) P(Y; = 4)

=0
¢(1-p1) P(Y, =i P(Yy =1
“{(n/2)p2(1 —p1 — p2)}? ,-52 ( S i>;/2 ( )

<c*(1=p1)/{np2(1 = pr — p2)} % + P(Y1 > n/2)

where ¢* = 2%¢. This completes the proof. B

In the following we let

bn(z) = Efp(z|h) — f(z) and oZ(z) = Var{f.(z|h)}.
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Lemma 5.4. Foreachr € Z,

< cfn?

‘E/G |fn(-|h)—f|—/ on(bn/n)

n

where ¢t > 0 is a universal constant.

Proof. Suppose that z € G,,. Put

Wi=h™(r+ 5} —2/B) s, (X)) = b7 (r =L —a/h)s, (X;)

n(r=1)

- E{rR7(r + z - $/h)IBn(,_1)(X1) k™ r =t —2/R)5, (X1)}

and observe that

! Zl Wi = fu(zlh) — E{fa(z|h)}, = € G

Applying Lemma 5.8 of Devroye and Gyorfi (1985, p.90), with a = —bn(z)/on(z),

leads to

E|W?|
Gor BOVE)’

n

en™!

(5.5)

I/a B|fa(:h) - £ - /G _ onblbu/on)] <

Since z € G, we have

BW3| - B
E(V}) <2h'E{(Ir+ 3 — /bl + I'r — L —/R))WEY/E(WE) < 4h71,

so the right-hand side of (5.5) is no more than 4cn™! which completes the proof. N

Lemma 5.5. Under the conditions of Theorem 3.2 and assuming that lim, o h =

0 we have

/ 1B — h2s,] = o(h2)

[ teal~ 8 [1sal ~ 1ys)n i

Proof. Our proof uses arguments similar to those given by Devroye and Gyorfi

and

(1985) for the proof of their Lemma 5.17. Since f" is everywhere continuous we

have by Taylor expansion with remainder,

fly) = f(@) + (v — 2)f' (=) + (v = @) F"(2) + (v — 2)2{£"(€) - f"()}
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for some ¢ € (z,y). Therefore

Efu(alh) =(r + & — a/h)h~} /B f(w)dy — (r = & — 2/h)h™" /B F(y) dy

n(r-1)

=f(z)+ ;(r+ 1 - a:/h)h—lf"(m)/].a (y—z)dy

n(r—1)

— = b= o/RR () /B (y = 2)? dy

+Lr+ L —a/B)RTH{f" (&) - () / (v — ) dy
Ba(r-1)

— L = L= o/WTH (&) - f(2)} /B (y - 2)? dy

for some & € Bp(r-1) and & € By,. From this we obtain
bn(z) = h2s,(z) + R,(z,h)

where

Rn(z,h) = 3(r + 3 —2/R){(h?*/3)(3r® = 3r + 1) = zh(2r — 1) + 2 }{f"(&) — F"()}
= 3(r =7 —2/R){(A*/3)(3r* + 3r + 1) — 2h(2r + 1) + 2’ }{f"(&1) - f"(2)}.

Notice that

sup |r+ 3 —az/h|= sup [r—%—=z/h|=1

z€G,, z€Gny

and

sup |(h%/3)(3r% — 3r 4+ 1)—zh(2r — 1) + z?|

zE€EGn,

= sup |(h®/3)(3r® —3r +1) — zh(2r — 1) + 2?
G

T nr

= 5h%/8,

so for z € G,

|Rn(z,h)| < B* R |f" (=) = ().

lz—yI<
Since f" is continuous with compact support, f” is uniformly continuous so for
each € > 0 there exists § > 0 such that |z — y| < 6§ implies |f"(z) — f(y)| < € for
all z,y € R. Taking 0 < h < §/2 we obtain for z in G,

sup [f"(z) = f"(y)l <,

|z—y|<2h

51



implying that h™?|R,(z,h)| — 0 for all z. Thus, by the assumptions on f and

bounded convergence,

/|bn — h2sa| = o(h?).

/lbnl ~h2/1sn|

so it remains to prove [|sn| ~ (1/8) [|f"|. Let [-C,C), C > 0, contain the

Also,

support of f and define
Zc=ZN[-Ch™ '+ 3,Ch = 1|={r€Z:Gnr S [-C,C)}. (5.6)

First, note that

5 [ ol S 2017 = of0)

r¢Zc
Secondly, |f"| is uniformly continuous on [—-C,C) so for arbitrary ¢ > 0 and

sufficiently small h,
sup A @) = 1" (W)l < e

lz—y|<
for all z,y € [-C, C). It follows that for r € Z,

sup ||f"(z)] - sup |f"]| < (5.7)

xr nr nr

for all sufficiently small A. Therefore

(r+3)h
S [ lsal <@/ X sl [ =30 - e/ de
Gar G ( L

r€Zc reZec """ )

h/2
=(1/3) > séuplf”|/0 (1 —32%/A%)dz

r€Zc

=(1/8) > sup|f"|h

re€Zc Gnr

</s) /G (I£"] + €+ O(h) (by (5.7))

T€Zc

<(1/8) / £ + Ce/4 + O(h).

Similarly, we can derive the lower bound (1/8) [ |f"| — Ce/4 — O(R) to give the

desired result. B
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Lemma 5.6. Under the conditions of Theorem 3.2 and the assumptions that

h — 0 and nh — 0o as n — oo,

/ 0 = (nh) ™~ 3ta] = o{ ()~}

/an ~ (nh)-%/tn ~ 7(nh)-%/f%.

Proof. For z € G,

and

ol (z =(r+3—z/h)?*n"1h? f d{l— f d}
@ =C+y=e/pnn [ i [ s

+r =y o/ [ Sy {1 - /B ) dy}
r— /B2 — n—1p-2 '
+2{(r ~ 2/h)* — 1/4}n"1h /B W /B )y

By Taylor expansion and the smoothness assumptions on f we have

/ £(y) dy = hf(z) + o(h)
Bn(r-1) :

and
/B f(v) dy = hf(z) + olh)

giving, after some algebra,
on(2) = (nh)"*tn(a, h) + o{(nh)~ )

for all z € R. Therefore, using the assumption that f has compact support, and

by bounded convergence, we obtain

[ 1o = (ah)~ta] = o (nh)4)

/an ~ (nh)_%/tn.

Let Zc have the same definition ascribed to it at (5.6). Then clearly

and

Z / tn < 2hsup f3 = o(1).
[-C,C)NGa.

rg¢Zc
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Since f% is uniformly continuous on [-C,C) then, arguing as in the proof of

Lemma 5.5, we obtain

L (r+%)h L
Z / th < Z supff/ {3 +2(z —rh)?/h?}7 de
Gnr G r (T—%)h

r€Zc r€Z¢c "

h/2 1
= Z supf%h_123/2/ {(h/2)? + 2%}7 dz
re€Zec Gnr 0
= Z sup f%{% +273/25inh 1} A
r€zc °nr

eSS Z supf%*yh

rezc Gnr

< Fi+e)+0(h
7,24;/6”( )+ O(h)

<y [ 7% +207e+ O(h)

In the same manner we may derive the lower bound v [ f¥ — 2Cvye — O(h) to

/tn~7/f%

provide us with

as required. R
Proof of Theorem 3.1.

We commence with the observation that

5 B (W) 2 min] inf BJ(W}, | B{a(h)]

Let h* = h*(n) be a sequence of bin-widths satisfying A* > n~% and

E{a(k)} ~ int BL(R)

The condition h* > n~% clearly implies that (nh*)™! = o(n=%/5). The latter
condition on A* implies that lim,_. 2* = 0. To see this, let At = ht(n) be

another sequence satisfying k' — 0 and At > n—%. Then
E{Ja(h")} 2E{Ja(A*)H1 + o(1)}
2 [IB£.1%) = FHL+ oL},
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By the L; consistency of the frequency polygon, E{J,(h")} — 0, which implies
that [|Ef,(-|h*) = f| = 0. Lemma 5.1 asserts that »* — 0. For all intervals
S=(-C,C),C>0,

inf E{J,(h)} ~E{J.(h*)}
r>n= %

>E /5 Fal1h%) = f

> / ontb(ba/os) = enH(2C/h* + 2)
S
(by Lemma 5.4)

2(fon) o ([ 1al] o) - O™

(by Lemma 5.2)

>4y ( / an)4/5 ( / lbn|)1/5 — O{(nh")1)

(by definition of 4;)

— »—1 i 4 *\2 1" 1e

=y {oryt [ Lamer [101) 7 o
(by Lemmas 5.5 and 5.6)

=A1 A2 B(f)n~2/5 4 o(n=2/%).

Letting C' — co we obtain

liminf n?/8 inf% E{J.(h)} > A1 A3 B(f). (5.8)

n—co h>n"

Next, let A* be a sequence for which * < n~% and

E{Jn(h*)} ~ iaf, E{Ja(R)}.
<n

We have
liminf n?/ E{J.(h*)} Z/Iiminf R/ Bl fa(-|") = f|
Lt~ n—co
(by Fatou’s Lemma)
2} [ lmintn?PBlaCh%) - AR (59

by Jensen’s inequality. Let z € G, for some r € Z, and (T,-1,T;) be a random

pair having a trinomial (n;p,—1,p,) distribution, where

Dr—1 = / fs pr= f.
Bn(r—l) Bnr
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Putting
TE(r-{-%—:c/h)T_l—(r—%—w/h)Tr

we obtain

n*/PE| fa(e|h*) = Efu(z|h*)|
=n"3/5(h*)"1E|T - E(T)|
> M P{|T - E(T)| = Mh*n®/®}
(M > 0 arbitrary, by Markov’s inequality)

> M {1 — 2Mh*n®/5 sup P(T = t)}
tER

= *,.3/5 c*(1 — pr—1) n ])
> M (1 2Mh*n [{npr_1(1 EP——— +P (Tr_l > 2) .(5.10)

By the consistency of the histogram density estimator (see, e.g., Devroye and
Gyorfi (1985), Theorem 2.2, pp.7,8) py—y/h* — f(z) and p,/h* — f(z) almost

everywhere. Therefore

R*n¥/*(1 = pro)/{npr-1(1 = pro1 — p)}} ~f(z) " (h*)En1/10
> f(z)”¥n =320

=o(1) (5.11)
for almost all z such that f(z) > 0. Additionally,

h*n*PP(T,_y > n/2) Sk*n®/S P{|T._y = B(T,o1)| > n(} = pr-y)}
< PPl —pry)
Tn?A(pk_) — pr-1+1/4)
~AR) f ()

=o(1). (5.12)

From (5.11) and (5.12), the expression at (5.10) is asymptotic to M for almost all

 satisfying f(z) > 0. Since M is arbitrary, it follows from (5.9) that

lim inf inf% n?/5 B{J.(h)} = oo.

n—co h<11.—

This, combined with (5.8), implies (3.3).
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To verify the second inequality of the theorem we appeal to Theorem 5.3
of Devroye and Gyoérfi (1985, p.88) which declares that for all densities f € F,
B(f) > (2°/3*)}/5 = A3 with the lower bound being attained by the isosceles
triangular density (with a generalised definition of B(f)). B

Proof of Theorem 3.2.

Let (—C,C) contain the support of f for some constant C > 0. Using the

bound derived in Lemma 5.4 we obtain

B0} - [ owba/on

< ctn™1(2C/h 4+ 2) = O{(nh)1}. (5.13)

By Lemmas 2.2.1, 5.5 and 5.6,

' [omblonton) = [y ey ((_nz]:)z_iﬂ

< [ 1w = W2sul +2/m} [ 1o = (a4l
= o{h? + (nh)~"%}. (5.14)

The asymptotic behaviour of E{J,(h)}, given by (3.4), is a direct consequence of
(5.13) and (5.14).

Using the inequality at (5.1) we obtain

JoRY <("—”tl—) <@/mien [ta+ i [1sa]

=C/mvom)t [ [15)
+ o{h? + (nh)"%},
leading to the bound
Enm) < {@/mbenE [ e [I71} ey G

The value of h which asymptotically minimises the right-hand side of (5.15) is

he |8U f%)_z]l/sn—l/?
([ 1f"1)?

Therefore
g 1/5
jnf B{Ja(R)} < 5{y*/(16m)}*/° { (/ f *) / If"l} =2 4 o(n %),
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which immediately leads to (3.5). B
Proof of Theorem 3.3.
Taking h = hy, = u?n~1/5 in (3.4) we obtain

tn(2)¥ (M> dzn~%% 4 o(n=?/3)

|z|<C

where the interval [-C, C), C > 0, contains the support of f. It therefore suffices

to show that

/|z|<ct"(x)¢ (utj( ) - —/|<C/ o(z,y)y (lig(fj; ) dy dz + o(1).

(5.16)

Define 7, = (r — %)hu, r € Z, the frequency polygon bin edges, and let
Ze=ZN[-Ch'+1,Ch' =L ={reZ:G. C[-C,CO)}.
Proceeding as in the proof of Theorem 2.1, the left-hand side of (5.16) equals

> [ 2l =t bl = 2 = )b+ 111 5(2)

r€Zc
u5|12{(:1:‘ - an)/hu}2 = 12(z = Tnr)/ o — L[f"(=)] 2 Lo
X ¥ ( 242{(z — Tnr)/hu}? — 2(z = Tnr)/hu + 1]%f(w)’lf ) d + o1)

=3 /(2y — 2y + 1)} f(rpr + huy)?

r€Z¢

$112y% — 12y — 1| " (Tpr + hu
x¢<u |12y y lIlf (Tnr + 'yl)l) dy + o(1)
242y = 2y + 1)7 f(Tnp + huy)?

= Z hy /(2y _2y+1) f(an)2

r€Zc
2 = 12y = Ul g, 4

(by Lemma 2.2.1 and since |f"] and f % are Lipschitz continuous)

1 L 1
=Al<c/0 (20 — 2y + 1)} f(a)}

uS|12y? — 12y — 1||f"($)|>
X ( (2 — 25+ D)} dy dz + o(1),

with the last inequality holding since f* and f" are absolutely continuous. The

last written expression equals the right-hand side of (5.16) as required. B
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Chapter Four

MINIMISATION OF L, DISTANCE IN KERNEL
ESTIMATION OF DENSITY FUNCTIONALS

4.1 Introduction

The kernel method of density estimation has been adapted to allow nonpara-
metric estimation of a selection of related functions. In this chapter we analyse
the L, convergence properties of kernel-based estimation for regression functions,
density modes and density derivatives.

Section 3 discusses the random design kernel regression function estimator;
the fixed design case is treated in Section 3. In Section 4 we investigate the
convergence properties of mean absolute error of kernel mode estimators. Section
5 briefly discusses the L; convergence of kernel density derivative estimation. All

proofs are given in Section 6.

4.2 Ly Theory of the Kernel Regression Function Estimator (Random
Design)
Let (X1,Y1), (X2,Y2),... be asequence of independent, identically distributed

random pairs. We shall consider the problem of estimating the regression function
r(z) = E(Y|X = z).

The kernel regression function estimator, first proposed by Nadaraya (1964) and

Watson (1964) and based on the sample (X;,Y}),...,(Xn,Y,), may be written
ra(z|h) = an(z|h)/ f(x|h)
where fr(z|h) is the kernel density estimator,

fa(z|h) = (nh)™! ZK{(fv — Xi)/h},

and

an(z|h) = (nh)™? Z YiK{(z — X))/h}.
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The kernel I{ is assumed to be a symmetric probability density function through-
out this section. The extension to higher-order kernels is straightforward. The
window-size h is taken to be a sequence constrained to lie in some set H, CRt,

Our theory for the L loss incurred by rn(:|A) will be confined to the problem
of estimating r over compact intervals having non-empty interior and on which
the marginal density f is bounded away from zero. Throughout our discussion we
shall let S denote an interval in R having these properties but which is otherwise
arbitrary. Notice that r is always well-defined on S since the possibility of r
having a zero denominator has, for sufficiently large samples, been eliminated by

the above condition on f. The corresponding L; loss for this problem is

Tu(h) = /3 1) = 7

The asymptotic minimisation of this quantity, however, is thwarted by the random
denominator of the estimator 7,(:|h) which takes the form of the marginal density
estimator f,(:|h). If K has compact support, as is required for many of the
technical results of this section, then for all large n and small & there is a positive
chance that f,(:|h) = 0 over some set of positive measure in S. This means
that E{Jn(h)} will be infinite. To overcome this we shall instead consider the

minimisation of E{J,(h)} where

Ju(h) = /S [ :1B) = Pl faCIR)F1.

The modified loss J,(h) can be thought of as an asymptotic version of Jn(h) since,

under certain regularity conditions,
Jn(R) = Jn(h) + o(1) (2.1)

almost surely as n — oo, uniformly in A € H,. An outline of the proof of this
statement is given in Section 6. We shall preface the statement of the first main

result of this section with some notation. Define the functions a, b, s and o by

a=rf,  b=(k/2)(a"f - af")f7?,
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s(z) = E(Y2|X: = z), o? = k(s —r?)f1,

As in Chapter Two, x; and k; are given by

i,
b
K1 = /zzK and Ko = (/1{2) .

Also, with ¥ having the definition ascribed to it in Section 2.2, we put

Aw) = u™? /S op(u®b/o)

and h, = u?n~1/5 for u > 0. Assumptions which will be used in this section are:
(A1) Forn > 1, H, = [G™'n®1,Gn%] for some constants G > 1 and § > 0.
(A2) The function K is Holder continuous and compactly supported.
(A3) The function f is Holder continuous and strictly positive on an open

interval containing S.

(A4) The functions f and r each have a continuous second derivative on S.
(A5) The functions f and s are each continuous on §.
(A6) The random variables Y;, 1 <: < n, are bounded.
(AT) The function r is bounded on S.

These conditions are obviously not mutually exclusive. However, this arrange-
ment allows convenient statement of this results in this section and in Section 7.
Condition (Al) is a common assumption made for the analysis of the regression
estimator. Since h must satisfy a similar condition to ensure consistency of r,(:|h),

]

it is not as restrictive as might at first appear.

Theorem 2.1. Under conditions (A1) — (A6) we have

m  sup o In2PE{Ja(hy)} — M) =0 (2:2)

li
n—oo uE[C—l d

for all C > 1. Furthermore,
5 4 Y *\ . —2/5
h1€njgn E{J.(R)} ~ AMu*)n (2.3)

where u* is the minimiser of A(u).

The optimal window-size for minimising asymptotic expected L; loss E{J,(h)}

is clearly given by h* = (u*)?n~/%, Arguments given for the density estimators
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considered in Chapters Two and Three can easily be adapted to show that u* ex-
ists, is unique and satisfies u* = (v*)?/% where v* is the unique solution of A(v) = 0

and
Al ) = /S[4vb{<1>(vb/a) — 2} —og(vb/o)]. (2.4)

An L,-based window-size selection rule for the regression function can be
developed from the algorithm described in the previous section by obtaining an
estimate of the function A. Let b, and &, be L;-consistent estimates of b and o

respectively and define

Bl /g[4vi)n{@(v5n/&n) 28— B fl B,

Our proposed window-size selection rule is
* *\2/5 . —1/5
hn - (vn) / n /

where v} satisfies A,(v) = 0. Arguments identical to those given in Section 2.4 in
the context of density estimation imply that A} is asymptotically optimal in the

sense that
lim [E{J(")}n=ny/ inf E{Jn(R)} =1. (2.5)
The stochastic analogue of this ésymptotic optimality result is
nh_}rr.}o Jn [l )/ h1en§" Jn(h)=1 (2.6)
almost surely. This can be established by appealing to

Theorem 2.2. Under conditions (A1) - (A3), (A6) and (A7) we have

lim {inf T}/l inf B0} =1 (2.7)
almost surely, and
Tim Jo(B)/[B(a(A)}smts =1 (2.8)

almost surely.

The asymptotic optimality result at (2.6) holds under assumptions (Al) -
(A3), (A6) and (A7) by virtue of (2.5), (2.7) and (2.8). |
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The window-size selection rule h} and its asymptotic optimality properties
are dependent on L;-consistent estimators i)n and &, for b and 0. The choice of
these estimators is now discussed. Let Ko be a twice-differentiable probability

density function having compact support, and set
fa(2|h1) =(nh1)~! i Ko{(z — Xi)/h1},
i=1
an(aln) =(ah)™ 3 Vi {(@ — Xi)/ha),
i=1
Fi(alha) =nh5% S Ki{(z - Xi)/ha),
i=1

an(elhs) =n"h3? 3 Vikg{(e — Xi)/ha},

i=1

sn(alhn) =(nha)™ 3" V2 Ko{(z = X0)/m}/ falelhn),
ra(zlh1) =an(z|h1)/ fn(z|hy),

where hy and ho are each positive'. Our proposed estimators b, and &, are
bu(-|h1, he) = (k1/2){an(|h2) fal-1h1) = an(-lha) fa(:1h2)} fal(-1ha) =2
and
On(1h1) = wa{sn(-|h1) = ra(:he)*}E fa(c|ha) 7.
The L;-consistency of i)n(-|h1, he) and &,(:|h1) is guaranteed by
Theorem 2.3. Assume that (Al), (A3), (A4) and (A6) are true; hy € H,; and
ha — 0, nh3/logn — oo as n — co. Then
lim | |Ba(-|h1, ko) — bl =0 (2.9)
n-—oo S

almost surely.

Theorem 2.4. Assume that (A1), (A3), (A5) and (A6) are true; and hy € H,.
Then
lim [ |6a(:|h1) —0o]=0 (2.10)

n-—oo S
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almost surely.

Effective selection of h; and h2 can be accomplished by using least-squares
cross-validation as was suggested in Section 2.5 in the context of density estima-

tion.

4.3 L; Theory of the Kernel Regression Function Estimator (Fixed De-
sign)

Consider the model
Yi = m(zi) + e, 1<t <n,

where m is an unknown regression function defined on [0,1], z; =i/n, 1 <i < n,
are fixed design points, the ¢; are independent and identically distributed random
variables, each having mean zero and variance o%, and the Y; are the observable

response data. A class of kernel estimators of m is defined by

ma(alh) = (k)™ 3 K{(z = 2:)/h}Y;

where K is a symmetric positive kernel integrating to unity and supported on
[—1,1]. Gasser and Miiller (1979) observe that the asymptotic analysis of expected
L, loss of this estimator , M,(h) = fol {m(-|h) — m}?, is hindered the fact that
the integrated squared bias near the boundaries of [0,1] dominates the integrated
squared bias in the interior. To overcome this problem thes’e authors suggest
modifying the kernel estimator near the boundaries of [0,1] by using a second
order kernel K,, with support confined to [—1,a], to estimate m(ah) for each
0 < a < 1 and the kernel K, given by K; = Ky(—z), to estimate m(1 — ah).
The modified kernel estimator is therefore

(Rt i, Bollo = 80} /R} Y Be=ab, 0L a<l;
ma(elh) = { (nh)™ T, K{(a — 2:)/h}Y;, h<e<1—h (3.1)
(rh)t 3 Ke{(zi —2)/R}Y:, z2=1-ah, 0Sa<l,
Assume K and I{, are of second order, and satisfy

(K1) The functions K and K,, 0 < a < 1, each satisfy a Lipschitz condition

of order 1.
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(K2) fia Kq(z)? dz < C where C > 0 is a constant not depending on a.

(K3) The kernels I{, depend continuously on a and Ky — I as a — 1.
Examples of kernels satisfying these properties are given in Gasser and Miiller
(1979). They also show that under (K1) — (K3) and the assumption that m has
two continuous derivatives on [0,1] the Ly loss of the estimator at (3.1), My,(h) =

fol{mn('w) - m}z, satisfles
E{Mn(h)} = (5§/4)h4/0 (m")? + 0%ka(nh)™! + o{h* + (nh) 7'} + O(n™?) (3.2)

where k1 = [22K and k; = ( [ K 2)%. The Ls-optimal value of A is therefore

asymptotic to

1/5

2 =2 .

B = {_2_’“1&’__] n=1/5, (3.3)
U3l fo (m')?

The derivation of (3.2) makes use of the following approximations for the mean

and variance of my(z|h):
Blma(e)} =™ [ K1z~ w)/hm(@)do +0(™), (39
where Kt stands for either K or K,, depending on the value of z, and
Var{mn(z|h)} = o* /(I{T)2(nh)_1 + O{(nh)"2%}. (3.5)

The analogue of (3.2) for Ly loss Jp(h) = fol |mn(:|h) — m| is provided by

Theorem 3.1. Assuming (K1) - (K3) are satisfied; the function m has a contin-
uous second derivative on [0,1]; the random variables Y;, 1 < ¢ < n, are bounded;
and h — 0, nh — oo asn — oo, we have

(nh3)% kym"

2K90

E{Jn(h)} = anz(nh)—%/o P ( >+o{h2+(nh)_%}+0(n"1). (3.6)

In particular,

E{I(h)} = okou™! / "y

0

where h, = u?n~1/5,



The asymptotic expansion of E{J,(h)} at (3.6) can be used to show that
the Li-optimal window-size is asymptotic to A* = (v*)?/5n~1/% where v* is the

solution to

il " n
m 1 VKM

2 i ¥ e S = : =i ()

/(; [ vVR1M {@( T 5 Koo e 0

Table 3.1 lists values of ¢;072/% and cy0™2/% for a selection of regression

functions when the Epanechnikov kernel is in use. Here ¢; and ¢, are the coeffi-
cients of n~2/% in the formulae for A* and hj respectively. The functions are (i)

m(t) = cos(nt), (ii) m(t) = €, (iii) m(t) = e*/(e* + e?) and (iv) m(t) = (¢t + 1)

4.4 L; Theory of the Kernel Mode Estimator

The mode of a univariate density f is defined to be M(f) where

M) =it {t: 58 = sup £(5)}.

Let 8 stand for M(f) and consider the estimator for 4,

On(h) = M{fa(-[R)},

where f,(z|h) = (nh)~! 3, K{(z — X;)/h} and X;,..., X, is a sample of inde-
pendent random variables, each having density f. The function K is assumed to
be a pth order kernel with a continuous first derivative. The analogue of expected

Ly loss for mode estimation is mean absolute error (MAE), given by

MAE{6,(h)} = E|0,.(h) - 4|
Asymptotic theory for the kernel mode estimator in the context of minimising the
mean squared error of §,(h) has been developed by Eddy (1980) where, under the
assumptions of h converging to zero at a rate slower than n~1/5, it was established
that

lim (nh2p+3)% = L s

and K and f satisfying certain regularity conditions (see Theorem 2.1, Eddy (1980)
for details), that

diy fPTD(6)  f(8)ka ) , (4.1)

3\% _ o
(nh”)7{0a(h) — 6} N< plf(8) ' {f1(0))
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In this context x; = (—1)? [ 2?K and ky; = [[{K®}?] ) Defining

| Ry fD(9) . e f(6)x3 ,
‘ O="rm = O e
we may transform (4.1) to
| 6 (R) — 8 = (nh®) "} {db(8) + o(6)2) (4.2)

where Z is a random variable having an asymptotically N(0,1) distribution. The
relation at (4.2) can be used to asymptotically minimise mean absolute error by

taking A asymptotic to Ay = u?n~1/(?P+3) and observing that
On(hu) — 6 = n~P/EPH) (2P0 9) L 4% 0(6) 2},

Therefore, as n — oo,

E|0n(hy) — 8] = Mu)nP/(2p+3) 4 o(n=2/(2p+3)}

where

AMu) =E[u??b(8) + u=20(6) Z|

=u"3g(8)p{uP*3 b(8)/a(9)}.

The MAE-optimal window-size is therefore asymptotic to

h* = (u*)2n'—P/(2P+3)

where u* = (v*)}/(2P+3) and v* is the unique solution to A(v) = 0 and

A(v) = 2pvb(6)[2{vb(8)/(8)} — 3] — o (8)d{vb(6)/2(6)}.

Consequently v* = a,0(8)/b(6) where e, is the unique solution to

2paip{B(p) — 1} — Hap) =0,
! In the special case where p = 2 we obtain v* = a20(6)/b(8) where

’ oy = 0.480949. - ..
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Table 3.1: Values of ¢;0~%%, ¢;07?/% and for fixed design
regression estimation using the Epanechnikov kernel.

I Reg. funct. ] c10™ % | ca0™5 | c1/cy |
(i) 0.781 [0.790 |0.989
(i) 1.345 | 1.363 | 0.987
(iti) 6.557 |6.620 |0.991
(iv) 1.801 | 1.809 |0.996

Table 4.1: Values of ¢;, ¢; and for mode estimation
using the Gaussian kernel.

l Density l ¢ [ ¢z ]
Extreme Value | 0.862 | 1.020

Gamma (1,5) | 1.710 | 2.023
Lognormal (0,1) | 0.246 | 0.291




Therefore the MAE-optimal window-size is asymptotic to A* = ¢;n~Y/7 where

= (09252 o )f(e)/f?j’l W7
C = K%{f’”(e)}? -

Comparing this with the corresponding asymptotic MSE-optimal window-size h} =

1

can~ Y7 where

o = 3f(9)"°%,1 e
IO

we see that the ratio of A* to h3 is given by
¢1/ea = (0.95252- .- /3)}/7 = 0.8453 - - -

for all sufficiently smooth densities f such that (), f'(8) # 0 and second-order
kernels K. Table 4.1 lists values of ¢; and ¢, for a selection of densities when K
is the Gaussian kernel. The extreme value density is as defined in Section 2.5, the

Gamma (1,5) density is given by
f(z) = (1/24)z%*e~*, = > 0,
whereas the lognormal (0,1) density is

f(z) = {x(2m)7}1e~ (e 2)/2 45 g,

e

4.5 L; Theory of the Kernel Density Derivative Estimator
Let X;,..., X, be a sample of independent real-valued random variables hav-

ing common density f. A kernel estimator of f(7), the rth derivative of f, is
F(@lh) =n"tA S T KO (2 — Xi)/R)
! t=1

where K is a pth order kernel that is r times differentiable and the window-size
h = h(n) satisfies h — 0 and nh®™*! — oo as n — oco. Assume that f("+?) is

continuous, and define the functions b and o by

b= (ra/p)fTHD), o=k f?,

68

R =,



where k1 = (=1)P [ 2PK and &, , = [[{K(7}?] ¥ The Ly loss of f$7(-|h) is given
by Ju(h) = | lf,(,r)(-|h) — | and, by a straightforward extension of the theory

of Section 2.2, satisfies

RS / ey <(nh2r+§p+l)5b> T o{h? + (nh?P¥1)},

The L; optimal window-size has leading term

s (v*)2/(2r+2p+1)n—l/(2r+2p+1)

where v* is the unique solution of

/{vab@(vb/a) - (2r +1)og(vb/o)} = 0.
| The optimal rate of convergence of E(J,) is therefore given by

E{Jn(h*)} ~ (v*)—(2r+1)/(2r+2p+1) /G¢(v*b/0)n_p/(2r+2p+1)-

4.6 Proofs
In the following, C,Cy,C4,... will be used to denote positive generic con-

stants. The interval S is assumed to have the properties ascribed to it in Section

2. Its Lebesgue measure will be denoted throughout by £(.5).
Proof of (2.1).

@

We give an outline only. The required assumptions are (A1)—(A3), (A6), (A7)

and the Holder contihuity of a = rf. It may be shown that

[Tn(B)=Ta(B)] < L(S)(inf £2) ™ (inf )" sup | fa—fl(suplan—al+sup |r| sup| fa—f1).
S S S S
(6.1)

Lemma 1 of Hérdle and Marron (1985) asserts that, under the above conditions,
lim sup sup |fa(-[h) = f|=0 (6.2)
B0 ST ReHn

almost surely. Also, it may be established in a similar fashion using (A6) that
lim sup sup |a,(:|h) —a| =0 (6.3)
ne=edl 5 heH
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almost surely. From (A3), infs f > Co > 0. Therefore, we have from (6.2) that
inf fa(1R) 2 3Co (6.4)

with probability tending to 1 as n — oo, uniformly in A € H,. Result (21)is a
direct consequence of (6.1), (6.2), (6.3) and (6.4). B

In the following we shall write

Fa(1h) = rn(B) fa(1B)f 1+ 7{1 = fu(-[R)f 71}

so that
Fu(h) = / (Falc|B) = 7).

In addition we put
ba(|h) = Efa(lh) =7, 52(-|h) = Var{fa(-|h)}.
The first three lemmas are required for the proof of Theorem 2.1.

Lemma 6.1. Assume that lim, . h = 0 and conditions (A3) and (A4) hold.
Then
/ B — h28] = o(h2).
s

Proof. Observe that
Ean(z|h) =k~ E[E(Y1]X1)K{(z — X1)/R}]

=R~ /_°° r(u)K{(z —u)/h}f(u) du

=/ r(z — hz)f(z — hz)K(z)dz
=r(z)f(z) + 1h*(r )" (z)r1 + o(h?)
uniformly in € S. Similar calculations give

Efa(alh) = £(2) + 1R f" (21 + ofh?).

Therefore,

ba(2) = £(2)" {Ean(zlh) — r(z)Efa(z[h)}
= %—hsz(a:)_l{a"(x) —r(z)f"(2)} + o(h?)
= h%b(z) + o(h?)

uniformly in S. The required result follows by dominated convergence. N
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Lemma 6.2. Assume that nh — oo as n — co and conditions (A3) and (A5) are

true. Then
| [ 1on = (wh)¥a] = of(nh)H),
S

Proof. As in the proof of the previous lemma, Taylor expansion can be used to

establish that
Var{an(z|h)} = (nh)"1s(z)f(z)&2 + o{(nh)~'},

Var({fa(zl)} = (nh) ™ f(2)#] + o{(nh) ™"}
and

Cov{an(z|h), fa(z|h)} = (nh)'r(z)f(z)r3 + o{(nh) 7'},

where all expansions are uniform in z € S. Thus,
n(2) =f(2)7*[Var{an(z|h)} + r(2)*Var{fu(z|h)} — 2r(z)Cov{an(z|h), fu(z|1)}]
=(nh) T w3 f(2) " H{s(z) = r(2)*} + o{(nh) ™"}

from which the required result follows. i

I Lemma 6.3. Let (A3), (A6) and (A7) hold and =z € S. We have

| Elfa(alh) - r(2)] — 5a(a) (f’"(“> < o(nh)? (6.5)

ox(@)

where ¢ is a positive constant independent of z, n and h.
Proof. Put
Wi =h7! f(2)7HY; = r(2)} K{(z — X:)/h}
— E[h7 f(2)7H{Y: — r(2)}K {(z — Xi)/h}]
for 1 € i« < n. The W;’s are clearly independent and identically distributed

random variables each having mean zero and variance n§,(z). From Lemma 5.8

of Devroye and Gydérfi (1985, p.90) we obtain

E|W, P
A et
= nE(W?)

Fn(z)

Blfa(zlh) = r(2)] — Ga(e)¥ (b”(“’)>

for a universal constant ¢* > 0. Also,
| E\Wi* <2p71 f() T E[{IY1] + Ir(2) HE{(2 — X;)/B}WT]
<2r"'B E(W})
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\ where B is an upper bound to (|Y1|+ |r])|K|f~* on S. The left-hand side of (6.5)

is therefore bounded above by ¢ = 2Bc*. i
Proof of Theorem 2.1.

Clearly T,; + T2, where

g = nz/ sup
g[Cc-1,0]

JR:LCIREEEY ERTCNEN

and

Tho = sup
wg[C—1,C]

n2/5 bog b a,.) — Alu)l.
/5 (Bl Ba) = A1)

. A straightforward application of Lemma 6.3 gives

T & &P L8 )=, (6.6)

By Lemmas 2.2.1, 6.1 and 6.2,

| Ny £ wop / 1015545y /) — w0 (uSb/0)

ug(C-1,C)

- / 02755, — wt b

w€[C-1,C]

+(2/7)%  sup /|n2/5&n—u_la

wg[C-1,

SC’4 sup hy, /lb —~ RZ)|

+@m¥cmhot [ 15— (k) e
| (1), (6.7)

Combining (6.6) and (6.7) we obtain (2.2).
i The proof of (2.3) follows the same arguments used to prove the analogous

result in the kernel density estimation case (Theorem 2.2.1). A substantial part

of these is the establishment of the following inequalities:

/SlEFn(-|h) —r|> iR AT (6.8)
and
l 1
| [ Blialh) = Bl )] 2 Caf(nh)F A1} (6.9)
S
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These inequalities are readily derived using essentially the same ideas as those
employed in the proofs of Theorem 2.2.1 and Lemma 2.6.1. B

Proof of Theorem 2.2. The proofs of (2.7) and (2.8) can be performed by
straightforward adaptation of the proof of Theorem 2.4.1. However, we require

the regression analogue of Lemma 2.6 which is stated and proved below. i

Lemma 6.4. Assume that f is strictly positive on S and conditions (A6) and
(A7) are satisfied. Then for all € > 0,

sup P[|J.(h) — E{Ja(R)}| > €] < 2¢~Con¢’
h>0

where Cy is a positive constant not depending on n or e.

Proof. For 1 < i < n we let F; denote the o-field generated by the random
variables {X1,..., X, Y1,...,Y;}; Fo is defined to be the trivial o-fleld. Also, we
shall let

Vo = Ja(h) - E{Ja(h)}
and
Z; = E{Jn(R)|Fi} = B{Ja(R)|Fiz1}.
Notice that V,, = E:;l Z; and the Z;’s form a martingale difference sequence.
Lemma 2 of Devroye (1988) declares that for such a sequence,

p(izi
=1

-1

> e) < 2exp | —¢€? {2Z(ess suplZi|)2} ol (6.10)
i=1

| Letting

! k

Wik =n""a71 f(2)7 3 {Y; — r(2)} K {(e — X;)/h}
g=i

one obtains, for 1 <: < n,

| 120 < [ 1BQFn = 7IlF) = B = rilFica)
'—'-'/ |E({W1,i-1 + Wii + Wis1,a||Fi) — E([Wh,i-1 + Wii + Wit nl|Fiz1)]
S
1 S/ sup[la-{-W/},,-l-E[a-i-PV,-,iH
S ae€ER

< / Wii — E(W: )| + / E|Wy: — E(Wi)|.
S S
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The last step is a consequence of Lemma 1 of Devroye (1988). Therefore

]Z«,’| S/ |VVi,i|+3E/ II’Vi,i‘
S S

SCln—l

where Cy = 4 [|K|supg f~(supg|r| + B) and B is an upper bound to the ¥;’s,

1 £ ¢ £ n. This implies that

n

D (ess sup|Zil)* < Cin?,

1=1
so that the right-hand side of (6.10) is bounded above by 2exp(—ne’Cy) where
Co = $C7*. The left-hand side of (6.10) is simply P(|Jn(h) = E{Ja(R)}| > ¢ so
the proof is finished.

For the proofs of Theorems 2.3 and 2.4 we require the following lemma.

Lemma 6.5. Under conditions (A1) — (A3) we have

fa(zlh) = f(z) -
fn(zlh)

lim sup sup
n—=X eSS heHn

almost surely.

Proof. According to a result of Hardle and Marron (1985, Lemma 1),

lim sup sup |fa(z|h) — f(z)|=0 ’ (6.11)

n—00 xe h

almost surely. Therefore, for all sufficiently large n,

g T |fa(z|h) = f(z)| < inf f(z).
€H, z€S

T€S
Hence,
fn(xih) f(a') SUP;es SUPReH, |fn( |h) f(x)‘
S e |7 Fu(@lh) | S ubrcs supren, 17(2) — [Fn(alh) — FG

SUPzes SUPpeH, | fn(z|h) = f(z)]
Tinfzes f(z) — sup;es supren, | fn(z|R) — f(2)]

for all large n. The required result follows from (6.11). N
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Proof of Theorem 2.3.

From the triangle inequality we have
267 [bn(-Iha, h2) = bl lan”(-1h2) fa(-|h1)™F — a" 73|

+lan(-1h1) fr(Clh2) £ (1h1) ™2 = af" £ 72|

so it suffices to show that

lim /la B fa(-he)~t — @ f~1] = 0 (6.12)
almost surely, and
Jm [ lonClh) b faC ) = af”§ 72 = 0 (6.13)

almost surely. In the following we suppress the dependence of a,(:|hy) and Fa(-lh1)

on hy and aj(-|h2) and fJ/(|h2) on hy. Observe that

dnfot = a"fh = fHal —a" +a" fFUSF — fu) 1+ (f = fa) F1)
which implies
JLanst = a7 <oup(s ) [ Jal — a1 4 sup(h - D)
S S S S
+aup(a”[f ) [ 1o = fI1{1+ sup1(Fa ~ DI
s s s

Since hy € H, we have by Lemma 6.5,
lim sup |(fn — f)f7'=0 (6.14)
n—oco S

almost surely. Also, by Theorem 3.1 of Devroye and Gydrfi (1985, p.12) we have

lim /Slfn —fl=0 (6.15)

n—oco

almost surely. Therefore, to prove (6.12) it remains to show that
lim /]a;: —d"|=0
almost surely. However, this is a consequence of

lim / |Eay —a"| =0 (6.16)
n—oo S
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and

lim [ |a, ~ Eay| =0 (6.17)

n—0o0
almost surely. Using integration by parts we obtain
o ]
Ed"(z|hs) = / o (5 Tog) K o) .

-0

Suppose that the support of Ky is contained in [—w,w] for some w > 0. Then

/ |Eall(z]hy) — a'(z)| dz < L(S)/ |Ko(z)|sup |a"(z — haz) — a"(z)| dz
S |zl <w z€S
On account of (A4), a” is uniformly continuous on S, so for each z € [—w,w],

lim supla”(z — heoz) —a"(z)| = 0.
Jim sup oz ~ hs2) —a(2)

From the dominated convergence theorem and the boundedness of Ky and a" we
obtain (6.16). For the proof of (6.17) we apply Bernstein’s inequality (Lemma
2.6.3) to

Ti = YiKo{(z — Xi)/h2} — EYiKg{(z — X)/h2}]

for 1 <1 < n, with ¢ = 2sup |K{J|B, where B is an upper bound to the ¥;’s (which

exists by assumption (A6)) and ¢t = enh3 for arbitrary € > 0. Also,

Var(Ty) <hs / s(z — haz) f(z — he2) Ky (2)* dz
lz|<w
<Cih,
since s f and K| are bounded. Hence, for hy < 1,
:f;tZ {nVar(Ty) + ct} ™! >Ca(e)(nh3)*{Cs(e)nhy} !
=Cy(e)nhs.

For each € > 0, observe that

/ (6!(2|ha) — Ea!\(z}hy)] dz
S5

< eL(5) +/ |an(zlhe) — Bay,(z|ho)|I{|an(2|h2) — Eay(z]he)| > €} do
Si

< eL(S) +2h7° Bsup | Ky |U
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where U = [, I (|37, Ti| > t). By Bernstein’s inequality,

50 = [ 2 (337>

>r
=1

<2L(S)exp{—Cu(e)nh3}

=0(n"*)
for all A > 0 since nh3/logn — co. Markov’s inequality yields
> P(hU) > €) <
=1

for all £ > 0. Therefore we have, via the Borel-Cantelli Lemma, h 3U — 0 almost

surely. Consequently,

limsupf 0" (-{h2) = Ea"(-|ha)| < L£(S)e
S

for all € > 0, which implies (6.17) and concludes the proof of (6.12).
We shall prove (6.13) by writing
anfnfa? —af'f72 =fanfn = af" L+ 2(f = f)fat +{(f = fa)f 1}
.3 T‘f"f—z(f - fn)[2 (e 3(f - fn)f1:1 T {(f - fn)f;l}z]

which leads to

/ lan f1FT2 — af" 2| <(sup f1)? / lanf! — af"|
S S S ,
< [1+ 2500 [(fo = H)f "+ {sup [(Fa = DA
r ne—=2 _
+suplrff I/SIfn f
X [2+ 3sup |(fa = AT+ {sgp I(fn = OFHYL

In view of (6.14), (6.15) and the boundedness of r, f” and f~! it is clear that
(6.13) will follow from

lim [ |anfr —af'|=0 (6.18)
S

n—aoo

almost surely. The integral in this expression is dominated by

/ |an = al£7] + sup a] / £ = fl. (6.19)
S S S
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The second term converges to zero almost surely by Theorem 2.4.2. For the first
term we use the Cauchy-Schwarz inequality, followed by the inequality (u +v)? <

2(u? + v?), to obtain

[ fan =l < {/; —ay? /S<f::>2}%
<le [an-a2{ [trr-Br07+ [ (Ef,’l)z}]%. (6.20)

Techniques used to deal with [ |a; —a"] in the first part of this proof can be readily
adapted to show that lim,_,o fs(an —a)? = 0 almost surely and lim, .o fs(f,’,’ -

EfI"? = 0 almost surely. Also, it is easy established that

/S (Ef)? < 4w?£(S)(sup | Kol)2(sup | £])? < oo.

These results, combined with the estimates at (6.19) and (6.20), imply (6.18) as
required. N
Proof of Theorem 2.4.

We commence with
55t [ 1ol = [ Hesn ="} = (s = rf 1)
< [ on =)t = (s s2)f
< [lsnfat = s+ 120 - S

=l __ i r2 —1'___7,2 -1 : 3
<{ [snszt st [1as =} o)k,

with the last step coming from the Cauchy-Schwarz inequality. The required result

is a direct consequence of

lim [ |spft=sf"=0
n—ov S

almost surely, and

lim [ |rafrt = f7H =0
n-—o0

almost surely. The proof of these can be accomplished using exactly the same

arguments employed in the proof of Theorem 2.3.
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Proof of Theorem 3.1.

For each = € [0, 1] let
Bn(z) = Emnp(z|h) = m(z) and Sp(z) = [Var{ma(z|h)}]}

denote the bias at r and variance at = respectively. We also let b stand for the

function Lx1m'”. Result (3.6) is therefore equivalent to

E{Jn(h)} —(nh)‘%nza/(; s ((nhs)zb)

KaO

= o{h? + (nh)"1} + O(n™Y).

The left-hand side of this expression is dominated by

+ / 1
(6.21)

We deal with the first term of (6.21) by applying Lemma 5.8 of Devroye and Gyorfi

(nh®)7b

KoO

.

|E{Jn(h)} ~ /0 1 Swb(Ba/Sn)

Snth(Bn/Sn) — (nh)" ¥ kyo9) (

(1985, p.90) to the random variables
Z; = YK (z — 2;)/h} = B[RV K{(z — z;)/h}]

for 1 < ¢ < n, where K1 is either K or K,, depending of the value of . We obtain

ol

Blmnlwlh) = mlw)] = Sl (

uniformly in z € [0, 1], where c is a universal constant. Since K is bounded and

, the Y;’s are bounded by a constant B, say, we have ’
E|Z;|® < 2h~1sup | K1 B E(Z}).
Therefore, with integration over [0, 1],

B} = [ Sub(BalSu)l = OLnh) ™} = o{(nh) )

since nh — oo as n — co.
Lemma 2.2.1 asserts that the second term on the right-hand side of (6.21) is

no more than

1 1
/ 1Bal — B2[8]] + (2/7)} / 1S — (nh)"t k30
0 0
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so it is sufficient to show that

/1 | B — R%b| = o(h?) + O(n™1) (6.22)
0

and
/0 1Sn — (nh)~txa0] = of(nh) =3} + O(n™Y). (6.23)

For the proof of (6.22) we first consider £ = ah where 0 < « < 1. Then it follows
from (3.4) that for all small A,

E{m,(z|h)} = fj Ko(2)m(z — hz)dz + O(n™1)

=m(z) + %hz /a zz]‘:a(z) dzm''(0) + O(hz) i O(n_l)

uniformly in «, the second step following from the assumption that K, is a second
order kernel. We then have from (K2),
h a
/ |Bn| <ih® sup / 22K o(2) dz|m" (0)| + o(h®) + O(n"1h)
0 a€[0,1) J—1

= o(h?),

Similarly, we obtain

1
/ |B.| = o(h2).
1-h

For z € [h,1 — h] and small h, we have from (3.4),

Blma(el)} = [ K(ym(a - ha) ds + 0O(n™)
= m(z) + h%b(z) + o(h?) + O(n™1)
so that

| Ba(z) = h2b(z)] = o(h?) + O(n™")

uniformly in z € [h,1 — h]. The left-hand side of (6.22) is dominated by

- ' 3
(1=20) suwp [Ba(e) = K@)+ [ |Ba]
] 0

z€[h,1—-h

h
[ B+ 8 sup e +H sup [b(e)] = oW) + O(n ™)
1-h z€[0,h) z€(1—~h,1]

y

so (6.22) obtains. Result (6.23) can be derived in the same way from the approx-

imation given at (3.5). N




Chapter Five

NONPARAMETRIC DISCRIMINATION OF CATEGORICAL
DATA USING DENSITY DIFFERENCES

5.1 Introduction

Consider the problem of discriminating between two populations II x and I,
having discrete probability functions f and g respectively. Let p be the prior
probability that an unclassified observation z is from II x and let Z denote the set
of all possible values of 2. A discrimination rule for this pro.blem is a partition
{Z2x,2y} of Z for which z is assigned to Iy if z € Z,, and is assigned to IT, if

z € Zy. The probability of misclassification, or error rate, of this discrimination

rule is
ER(Zx,2y) =p Z f(z)+(1-p) Z 9(2)
2€EZy z€Z2x
=p— > e(2)
z€EZx

where e = pf — (1 — p)g. The function e is referred to as the density difference.
The ideal discrimination rule is therefore {Z%,Z}} where 2% = {2 . e(z) > 0}
and Z7 = {z : e(z) < 0}. The function e is of fundamental importance to the
discrimination problem. When e is unknown, the usual nonparametric approach is
to obtain estimates f(-|h,) and 9(|hy) of f and g respectively, based on training
samples from each population. Here A x and hy are smoothing parameters with A 5
chosen to minimise the distance between FCIh x) and f and hy chosen to minimise
the distance between §(-|hy ) and ¢g. The resulting discrimination rule is that which

classifles 2z as coming from II, if and only if
&(zlhx, hy) = pf(zlhx) — (1 = p)i(2]hy) > 0. (1.1)

Condition (1.1) is, of course, equivalent to the more familiar likelihood ratio cri-

terion
F(zlhx)/3(2|by) 2 (1= p)/p.
In this chapter we propose the following alternative approach to choosing hx

and hy. Select the smoothing parameter pair (hy,hy) to minimise the distance
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between é(:|hx,hy) and e. Notice that, under this scheme, attention is focussed
on the estimation of a discrimination rule, rather than on probability functions,
and data in training samples from both populations are used in the selection of the
smoothing parameters. We measure distance between é(*|hx,hy) and e with the
L, metric, giving rise to variants of least-squares cross-validation for the selection
of (hx, hy). Justification of these selection rules is provided by asymptotic results
similar to those discussed by Bowman, Hall and Titterington (1984).

Section 2 deals with density difference estimation for binary data, and Section
3 discusses the same approach to unstructured multinomial data, Examples of each
are given in Section 4. A proof of an asymptotic optimality result in the case of

binary data is presented in Section 4.

5.2 Nonparametric Discrimination of Binary Data

We begin our analysis of the estimation of density differences for discrimina-
tion by considering the nonparametric classification of binary data. The sample
space for such data is B = {0, 1} where d > 1. A data vector from this space would
often represent the answers to a set of d questions (0=“no”, 1=%“yes”). According
to the notation introduced in Section 1, for each z € B, f(z) is the probability
that an observation z from population II x assumes the value of z; g(z) is the cor-
responding probability for population IT,. The functions f and ¢ are assumed to

d
;=1 @i. Based

be non-identical. For a d-vector a = (@1,...,aq) we define |a| = 3"
on training samples X = {X;,...,X,,} and Y = {Y1,...,Y,} the kernel density

estimates used in this setting are

fm(zlhx) =m™1 i h!\f—X.’I(l _ hx)d_]z_xl.l

=1
and

gn(zlhy) = n=1 3" AV~ gy yd-le-vil

i=1
(see Aitchison and Aitken (1976)). The smoothing parameters for these estimators

are the window-sizes hx and hy,. The classical relative frequency estimators are

achieved when the window-sizes are equal to zero. Qur estimator for the density
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difference e = pf — (1 — p)g is
emn(2|hx, hy) = pfm(z|hx) = (1 - P)gn(zlhy).

The quality of the discrimination rule based on emn(-|hx,hy) can be assessed in
terms of its distance from the function e according to some global loss criterion.
The loss with which we shall work is summed mean squared error given by

an(hx’ hy) = Z E{emn(ztha hy) = e(z)}2'

zEB

Alternative distance measures are those based on Kullback-Leibler distance and
absolute error, however they will not be considered here since the asymptotic
theory for each of these criteria is not so well understood as it is for squared error.
It is of interest to derive the optimal choice of (hx,hy) when aiming to asymp-
totically minimise Qmn(hx, hy). Define, for 1 <j <d and z € B,
fizy=" > f(=)
oi|z—z|=j

and

gi(z)= > g(z).

z:|lz—z|=j

Standard asymptotic theory leads to the following asymptotic expressions for bias

and variance:
Efm(zlhx) = f(2) = {f1(2) — df(2)}hx + O(h2),

Egn(zlhy) — 9(2) = {g1(2) = dg(2)}hy + O(h2),
Var{fm(z|hx)} =m™* f(2){1 = f(2)} — 2hxm df (2){1 ~ f(2)} + f(2) fu(2)]

+ O(m—lhx)
and
Var{ga(z|hy)} =n""g(2){1 - g(2)} = 2hyn " [dg(2){1 — g(2)} + g(2)g1(2)]
+ O(n~1hy).

Observing that
E{emn(zlhx,hy) —e(2)}? = szar{fm(zlhx)} +(1 - p)zVar{gn(zlhy)}
+ [P{Efm(zlhx) = £(2)} = (1 = p){Egn(z|hy) — 9(2)}]%,
83



it is clear that the summed mean squared error of emn(-|hx, hy) can be expressed

Qmn(hx, hy) = p*m™ 3 " ((F(2){1 = £(2)} = 2hx[df (2){1 = F(2)} + F(2) fu(2)])
zZEB
+(1=pln D (9(){1 = 9(2)} = 2hy [dg(2){1 = 9(2)} + 9(2)g1(2))
ZEB
=+ Z[phx{fl(z) —df(2)} = (1 = p)hy{91(2) — dg(2)}]?

z€B
+ O(m™ hE + n71hZ £ A3 4 R3).

Ignoring the remainder term and then minimising Qnn(hx,hy) with respect to

(hx,hy) we find that the optimal window-sizes A x,0pc a0d Ay ., satisfy
hX,opt G EX,opt = (TXXTYY - T;y)—l(TYYSXm—I i PTXYSYn_l) (2'1)

and

-~

hY,opz ~ hY,opt = (TXXTYY - T)%y)—l(TXXSYn—l + p—lTXYSXm—l) (2'2)
provided Ty xTyy — T2, # 0, where p = (1 — p)/p;
Tax =y (fi—df)’s, Ter= (01— dg)?

Txy = 3 _(fr — df)(g1 — dyg),
Sx=d+) (A-df)f, Sy=d+ (5 —dg)g.
It is interesting to note that it is possible for either A X,opt OT ﬁy,op, to assume

a negative value. If, for example, we take d = 2, f(0,0) = ¢(1,0) = 0.1, 7(0, 1) =
9(1,1) = 0.2, f(1,0) = g(0,0) = 0.3 and f(1,1) = ¢(0,1) = 0.4 then

Rxope = (45/32)(5m™ = 3pn™Y)  and  Ryep = (45/32)(5n"1 — 3p~Im™1),

If 5pn < 3m then ﬁx,op, < 0 while 5pm < 3n implies that ﬁy,opt < 0. Such
possibilities do not exist when smoothing parameters are chosen separately for
each population, however it must be remembered that (A, hy) is being chosen
for the estimation of the difference between two densities and not the individual

densities themselves.
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When choosing (hx, hy) in practice the “optimal” formulae given at (2.1) and
(2.2) cannot be applied since they depend on the unknown probabilities f and g.

Note however that minimisation of @mn(hx,hy) is equivalent to minimisation of

Smn(hx, hy) =Qmn(bx, hy) = > e(2)?

z€eB

=2 Eemn(zlhx,hr)?} =25 E{emn(zlhx, by )}e(2).

zZEB zeB

An unbiased estimator of the right-hand side is

Smn(hx, hy) = emn(z|hx, hy)?
z€B

-2 ,ipzm—l me,i(Xilhx) + (1 - p)Zn—l Zgn,i(}filh}')
=1 i=1

- p(1-7) {m-l > on(Xilhy) 4071y fnmlhx)H

where

fmji(zlhx) = (m = 1)71 S g%l - pole= Xl
J#i
and

gni(z|hy) = (n = 1)71 3" RV (1 - pd-l=il)
J#i

are the “leaving-one-out” estimators for f and g respectively. The selection of
(hx,hy) can be accomplished by choosing (71 bty ﬁy), the window-size pair at which
S’mn(h x»hy) is minimised. This window-size selection rule is a version of least-
squares cross-validation, first proposed in different settings by Rudemo (1982) and
Bowman (1984). Brown and Rundell (1985) have also proposed a version of this
technique for the classification of categorical data.

A desirable property of any window-size selection rule is that it be asymptot-
ically optimal in some sense. This means that the window-sizes chosen by the rule
should be asymptotically equivalent to the optimal window-sizes with respect to

a particular measure of loss. The following result ensures that this is indeed the

case for the rule proposed in the previous paragraph.

Theorem 2.1. Let (hy,hy) and (hx,0pts Py,op:) denote the window-size pairs which

minimise S'mn(hx, hy) and Qmn(hx, hy) respectively. If, for some positive constant

85



£, m/n — £ asm,n — co then
EX/hX,opt - 1 and BY/hY,opc - 1 (2.3)
in probability as m,n — oc.

Our proposed prescription for discrimination is now complete. Assign an
incoming observation Z to population Il if emn(Z|7zx, ily) > 0 and to population
Oy if emn(Z|hx, hy) < O.

A simpler alternative to the above proposal is to estimate the density dif-
ference using only one window-size A and take iz, the minimiser of Smna(h, k),
as our data-based choice. This procedure will also produce asymptotically opti-
mal window-sizes in the sense that fz/hopt — 1 in probability as m,n — oo and

m/n — £ > 0 where k., is the window-size that minimises @ mn(h, k) and satisfies
hope ~ hope ZM™Hd + > F(fr = df)} +n7 0 {d+ D> 9(g1 — dg)}]
x Y _{(fr = df) = p(g1 — dg) 17"

In this case we classify the new observation Z as coming from population IIx or
I, according as

emn(Z|h,h) > 0 or <O.

5.3 Nonparametric Discrimination of Unstructured Multinomial Data
In this section the data are assumed to come from a set of ¢ unordered cells
which we label 1,...,¢c. Such data will be called unstructured c-nomial data. For
example, a data set which records the eye colour of a group of individuals may be
interpreted as a sample from the four cells (1) blue, (2) brown, (3) grey and (4)
green. If we do not take account of any natural ordering of these cells then the data
can be taken as unstructured 4-nomial. Given that we again have two populations
Iy and IIy and two training samples X = {X;,...,X,,} and Y = {¥7,...,Y,}
of unstructured c-nomial data we shall define f(¢) and g(¢) to be the probability
attached to cell i for populations IIx and II, respectively. Also, we let M; and

N; denote the numbers of observations in cell 7 from X and Y respectively.
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Appropriate density estimates for this model are
fm(ilhx) = m™H{M;(1 = hx) + (¢ = 1) (m — M)Ay}

and

In(ilhy) =n"HN(1 = hy) + (e = 1) (n = M)Ay}

for 1 < i < ¢ (see Aitchison and Aitken (1976)).

Our goal is to minimise the mean summed squared error of the density differ-

ence estimator e, (:|hx,y) = pfm(-|hx) — (1 — D)gn(:|hy) given by
an(h)h hY) = Z E{emn(ilhID hl’) - 6(i)}2,
i=1

where e = pf — (1 — p)g. Straightforward calculations lead to

Qun(hx, hy) =p*m ™ {1 —2¢(c = 1) he} Y F(1 - f)
+(1-pn {1 =2c(c—1)Thx} > g(1-g)
+(c=1)"2> {p(1 = cf)hx — (1 = p)(1 = cg)hy }?
+O(m™ A% +n~1A2).

From this it may be shown that the optimal window-sizes hy ., and Py, op. are

such that
hX,opt ~ Bx,opt = (TXXTYY - T)%y)_l(TYYSxm_l =0 PTxySyn_l),

hY,opz ) ";'Y,opt = (TXXTYY - T;y)_l(TxxSYn—l + P_lTxnym—l),

where p = (1 — p)/p and

Txx=(c—1)72> (1-cf)’, Typ=(c=1)72D (1-cg)?,

Txy = (c=1)72 Y (1 —cf)(1—cg),

Sx=c(le=1)T1 Y f1~F), Sy=clc=1)71> g(1-yg).
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It is easily verified that an unbiased estimator of Spn(hx,hy) = Qmn(hx,hy) —
S e?is
gmn(hx, hY) = Z emn('lhx’ hy)z

—2<W2—52 [M (M; — 1){1— Ch"l}] +p*(c—1)"1hy

(1-p)?* i [N' (N; = 1) { Chyl }] +(1=p)(c=1)" hy

n(n— 1)
—p(1 - p) {m_1 ZMign(ilhy) +n7t Z/\/ifm(ilhx)}>

so a practical procedure for choosing (hx,hy) is to set it equal to (izx, 71,,), the

window-size pair at which S'mn(h xs hy) is minimised. This minimisation problem
has the exact solution
hy = (TXXTYY - A,%y)_l{Tngx (m—-1)""+ PTXYSY(n -1)7,

where

Tex =(c=1)72Y) (1-mMc)?, Tyy=(c—1)72D (1-n" W),
i=1 i=1
Tey =(c=1)72> (1 =m™ Mic)(1 = n"Ne),

Sx = c(e=1)T'm Y M(1-mTIM), Sy =c(e=1)7In Tt Y Mi(1-nTING).

=1 i=1

By the weak law of large numbers, M;/m — f(3) in probability, and N;/n — g(i)
in probability, for each 1 < 7 < ¢. Therefore, as each sample increases in size
we have Ty — Tex, Tvy = Tvy, Txy = Txy, Sx — Sx and Sy — Sy, each

convergence being in probability. This immediately entails
lazx/hx,c,pt -1 and ﬁy/hy,opt -1

in probability as m,n — oo, provided m/n — ¢ for some constant ¢ > 0. Thus,
(71 X 71},) is an asymptotically optimal window-size selection rule in the context of

minimising mean summed squared error.
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The theory for the estimator emn(:|h) — that is, the estimator for e with

hx = hy = h — can be developed in the same way.

5.4 Example

Data from Anderson et ol (1972) consist of two training samples of ten-
dimensional binary data. The first training sample represents the presence or
absence of ten ocular symptoms of forty patients known to have the disease ker-
atoconjunctivitis sicca (IKCS). This constitutes the X sample with m = 40. The
Y sample is the corresponding symptom data for thirty-seven non-KCS (n = 37).
We assume that p = % A rule for classifying an incoming patient as a KCS victim

based on his/her symptom vector z is to observe the sign of
640,37(Z|ﬁx, ?ly) = %f4o(2|ilx) - %937(2|By),

where (hy, hy) is the window-size pair which minimises S40.37(hx, hy). The dis-
crimination rule based on “smoothing” the data has an advantage over that based
on the classical cell proportion estimators which often lead to zero estimates of the
probabilities f(z) and g(z), due to the sparsity of the data (there are 1024 points
in the sample space in this example). Zero cell counts in the training samples will
often lead to an indeterminant classification rule when smoothing is not applied.
Table 4.1 lists the values of (hx, hy) obtained by minimisation of S10,31(hx, hy).
We have also tabulated the window-sizes obtained if least-squares cross-validation
(see Brown and Rundell (1985)) and likelihood cross-validation (see Aitchison and
Aitken (1976)) are applied to each training samplé separately. There is a consid-
erable difference between the window-sizes for each method.

To give an indication of the efficacy of the classification rules we omitted
each patient in turn from the training samples and used the reduced sample to
select (hx, hy) and estimate e = 1 f — 9. The omitted patient was then reclassi-
fied according to the resulting discrimination rule. Table 4.2 lists the number of
misclassifications for each of the three methods mentioned above. It is seen that
for this data set the density difference approach outperforms the analogous ap-

proach based on estimating the densities individually. These two rules are slightly
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Table 4.1: Window-sizes selected by the KCS data.

| Method | Ax | hy

(i) [0.2161 [ 0.0124
(if) [ 0.1950 | 0.0083
(iii) | 0.1570 | 0.0400

Table 4.2: Number of misclassifications when patients are sequentially
omitted from the KCS data.

rMethod | X misclass. I Yy misclass.J

() 4 2
(i) 4 3
) 2 1

Methods are (i) minimisation of 340_37(h x> hy), (ii) least squares cross validation applied to X and
Y individually and (iii) likelihood cross-validation applied to & and Y individually.



bettered by the rule formed by using likelihood cross-validation to estimate the

individual densities.

5.5 Proof of Theorem 2.1
Our initial aim is to find an asymptotic expansion for smn(hx,hy), which

may be written as

gmn(hx, hy) =p Z fm(zlhx)? + (1 - p)? Z gn(z|hy)?

z€EB z€B

—2p(1-p) Z fm(2|hx)gn(2|hy)

z2E€EB

~ 2p*m™? Z Fm,i(Xilhx) = 2(1 = p)*n~? Zgn,i(Yilhv)
i=1 i=1

+2p(L=p)n ™' Y fm(Yilhx) +20(1 = p)m ™Y gu(Xilhy).
i=1 =1
(5.1)
We shall treat each summation in this expression separately. For each z € B and

0 £ 7 £ d define
Mji(z) =D I(|z - Xi| = j)
i=1
and

Ni(z) = Z—’(lz - Yil =)

Note that M (z) represents the number of observations in the sample X which
are exactly j units away from 2z, where distance is measured in terms of | -], and

N;(z) is the same quantity for . The following asymptotic expansion exists for
fm(zlhx):
fm(zlhx) =m™TMy(2) + m ™ Ay {M1(2) — dM(2)}

+m™1h2 {(;)Mo(z) —(d—-1)My(2) + Mg(z)} + 0p(m~1A%).
(5.2)
Therefore

fm(z|hx)? = m™2ME(2) + 2m ™ he Mo(2){Ma(2) = dMy(2)}
+ 2m‘2hiMo(z) { (Z)Mo(z) - (d = l)Ml(z) + Mg(z)}
+m T hE {Mu(2) — dMo(2)}? + op(m~2h%).

90



Similar expansions exist for gn(z|hy) and gn(z|hy)?. Multiplying the expansions

for fm(z|hx) and gn(z|hy) we obtain
Fm(zlhx)gn(2lhy) = (mn) ™ Mo(2)No(2) + (mn) " hy Mo(2){N1(2) — dNy(2))

+ (mn)'lhf,./\/to(z) { (g)/\fo(z) - (d . 1)./\/1(2’) + Nz(z)}
+ (mn) " hx No(2){M1(2) = dMo(2)}

+ (mn) " Ny(2)hE { <(21>M0(z) —(d-1My(z) + Mg(z)}
+ (mn) " hy hy {M;(2) — dMo(2) H{N1(2) — dNy(2)}
+ op{(mn) " A% + (mn) 1R 4+ (mn) " hyhy ).

We also have

7Y fmi(Xilh) = {m(m = D} DS MG, ) + 0p(m ™)
i=1

where

A7) =1(Xs = X5) + hae (1K = X;] = 1) — dI(X; = X;)}

# { ()70 = %) = @= DIIX = Xyl = )+ 10X - X1 = 2) ).

Observing that

YD X=Xy =Y M) - m,

z€B

Z Z,-#jI(lX" -Xjl=1)= EMO(Z)Ml(Z),
z€B

20 1K= X =2) = 3 Mo(2)Ma(z),
z€B

we derive

m™ Y fmiXilhx) = {m(m ~ 1)} 3 M3(2) ~ (m = 1)

zEB

+{m(m - 1)} hx Y Mo(2){M1(z) — dMo(2)} + (m — 1) hyd
2€B

{mm = D)8 3= Ma(e){ () M6(6) - (4= DMs(2) 4 M)

z€B

=% (3)m =D + op(m )
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The asymptotic expansion for n™1 3°7_, g,i(Y;|hy) is found in the same way. On

account of (5.2) we have
nTt Y Fm(Yilhx) = (mn) ™Y Mo(Yi)
=1 =1

F(mn) Ty ) {M(Y3) - dMo(Y0))

()2 Y { (g).Mo(Yi) _(d = )My (Yi) + Mg(Y.‘)}

=1
+ op(m_lhi)

= (mn) ™ 3" Mo(2)No(2) + (mn) ™1 > No(2){Ma(2) — dMo(2)}

z€B z€EB

+ (mn)~1A% }:No(z){< ) O(z)—(d—l)Ml(z)+M2(z)}

zEB
+ op(m"lhi).

Analogous working applies to m™! 37" | g,(X;|hy). Substitution of these expan-

sions into (5.1) gives, after some algebra,

gmn(hx,hy) — —P (m+1) ZMO( ) p) (n+1) ZN2( )

m2(m n2(n
*€B z€B
2 2
+ mz: + (n_p) +2p(1 — p)(mn)~ IZ;MO(Z)NO(,Z)
-)p—hl [d+z Ma(2) {Mm(z) de(z)}J
zE€B
_ 21 —p)’hy No(z) [Ni(z)  dNo(2)
n—1 ,:d+z€Z; n { n n }J
2 N2
+ph2 ;{M:n(z) _ dMn:(z)} (11— p)hl ze; {J\/}sz) B dj\f;(z)}
= 2p(1 = p)hxhy 3 { M dMT;(z)} {Mn(z) _ o) }
z€B

+ op(m ™ hx + 0" hy + hE + B2 + hyhy).
Ignoring the remainder term and setting 8/0h Smn(hx, hy) and 8/3hy.§’mn(hx, hy)

to zero gives
i‘l Tnyv(m— 1)— +pTxySY(n— 1)_
X
TXXTYY Txy

) (5.3)

and
TxxSy(n - 1)— + p—lTxny(m - 1)_
TXXTYY ‘N Txy

o>
l-<

(5.4)
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e = 3 {.Ml(z) ~ dMo(Z)}z, Tre=3" {Nl(z) B d./V‘o(z)}z’

z€EB zeB
o ;{M;fz) ~ dMn:(z)} {/\/ln(z) ~ d./\/':L(z)} |
- d+zez; M:n(z) {M:n(z) ~ dMTZ(z)},

Se=d+) No(z)

n n
zZEB n

{J\/l(z) N d/\/'o(z)} '

By the weak law of large numbers we have as m,n — 00, Mo(z)/m — f(2),
No(z) = g(z), My(2)/m — fi(2) and N1(z)/n — g1(2) where each convergence
is in probability. As a consequence, Txx — Ty, fyy — Tyy, TXY — Ty
Sy — Sy and $y — Sy, in probability as m,n — co and m/n — £ > 0. These
results, when combined with the expressions at (2.1), (2.2), (5.3) and (5.4), imply

(2.3) as required. m
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Chapter Six

NONPARAMETRIC DISCRIMINATION OF
CONTINUOUS DATA USING DENSITY DIFFERENCES

6.1 Introduction

The density difference approach to discrimination introduced in the previous
chapter is applied to the discrimination of continuous data in this chapter. Once
again we see that selection of the smoothing parameter pair (hx, hy ) can effectively
be performed via a version of least-squares cross-validation. Asymptotic optimality
of this selection rule is provided by a result similar to that of Stone (1984).

The kernel-based development of density difference estimation for continuous
data is the topic of Section 2, culminating in a completely automatic prescription
for discrimination between continuous populations Iy and II,. In Section 3, the
efficacy of our method is exemplified by some applications to simulated and real
data sets. Section 4 contains the proof of asymptotic optimality of the smoothing

parameter selection criterion.

6.2 Nonparametric Discrimination of Continuous Data
Given independent training samples X = {X;,...,Xn}and Y = {I7,...,Y,}
of continuous d-variate data, having distinct densities f and g respectively, the

usual kernel density estimators have the form

frm(zlhx) =m > Knx(z — Xi)

i=1

and

gn(zlhy) =n"1 Y Ky (z = Y0),

i=1
where K;(z) = vy ' K(z/h) and K is a symmetric d-variate kernel function which

is assumed to integrate to unity. In general, we shall take the window-size A =

(hi,...,haq) to be a vector in R4 and define vy = H?=1 h; to be its volume. For
any vector ¢ = (zi,...,24) we define z/h to be (z1/h1,...,74/ha) and |z]| =
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(22,...,23)}. The estimator for the density difference e = pf — (1 — p)g is the

function

emn(zlhx, hy) = pfm(zlhx) = (1 — p)gn(z|hy),

which again requires the selection of the window-size pair (hx,hy) for effective
implementation. The appropriate squared-error loss criterion for continuous data

is one based on integrated mean squared error, or L, loss, given by

an(hxa hY) = /{emn('tha hY) - 6}2'

The integrated mean squared error of emn(:|hx, by ) is therefore E{Mpn(hx, hy)}.

The optimal window-size pair associated with the minimisation of the asymp-
totic representation of E{Myn(hx, hy)} is easily obtainable in the important spe-
cial case where it is assumed that the components of the vectors hx and hy are
identical so that the window-size pair (hx, hy) involves only the two scalar param-
eters hx and hy. In particular, if K is a bounded, square-integrable probability

density which is symmetric in each variable and is such that
K1 = /z?K(z)dz < o0

is independent of ¢ € {1,...,d}; if f and g are such that each of their second-order
derivatives are bounded, continuous and square-integrable; and if m/n — £ > 0
as m,n — oo, then it may be established by standard asymptotic arguments that

the optimal window-size pair (hx,opi, Py,ope) satisfies

(Bx,opss Py.ope) ~ (€xm ™24+ ¢, n=1/(d+4)), (2.1)

Here cx and c, are the positive solutions of the equations
20202 [(V2F)2 —c2p(1 — V2 £)(V2 = deo(@+2) 2.2 (2.2)
k1 q¢cxp” | (VEF) cyp(1—p) [( (Vig) Cx KaD .
and

2 {ciu ~p [(Vo¢ - a1-p) | <v2f)<v2g)} — decy D 21— pp,
(2.3)
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where k3 = [ K? and VZa = Z?=1(62/6a:?)a(1:) for a d-variate function a. The

optimal rate of convergence of E{Mpmn(hx, hy)} to zero is C*n=4/(4+9) where
c* =K,%{p20—d€_4/(d+4) 2= (1 _ p)2 —d}
+ (/) [ IE T — (1= pP e Vg

In practice the formulae at (2.1), (2.2) and (2.3) are difficult to use to select a
window-size pair since estimators of certain functionals of the unknown densities,
namely V?f and V2g, are required. Fortunately, the ideas used to motivate the
window-size selection rules proposed in Sections 5.2 and 5.3 are easily extended
to the case of continuous data. The mean of Mmpmn(hx,hy) — [ €? is estimated

without bias by

[ emaClh, b = 20mlm = 1} S,, K (Xi = X5)
~2fn(n =D} A=Y Y Kne (Vi 1)

+2p(1 = p)n™" Y fm(Yilhx) +2p(1 = D)™ Y gn(Xilhy):

i=1 =1

A slight modification leads to the estimator

Smn(h hy) = / emn( [, by )? = 2m 72 S S Ka(Xi - X;)
~2n(1-pPY Y Ku(Yi—Y))

+2p(1 — p)n”! me(Ylhx) +2p(1 — p)m™ Eyn Xilhy),

i=1 i=1

so it is proposed that the window-size pair be selected from Rff_ X Ri to minimise
S’mn(hx,hy). This method is a variant of least-squares cross-validation. The
window-size pair selected by this rule will be denoted by (hx,hy). We classify
an incoming observation Z as coming from Iy if enn(Z |hx,hy) > 0 and from
II, otherwise. Once again we may show that this selection rule is asymptotically
optimal if certain mild restrictions are imposed on f, ¢ and K. In this context we
say that (iz o ily) is asymptotically optimal with respect to My, if

mn(ilX,ilY)
=1 24
mlélil'oo lnf{an(hx, hy) (hx,hy) € Rd X R+} ( )

almost surely. Theorem 2.1 provides conditions under which (2.4) is true.
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Theorem 2.1. If the kernel K is symmetric, compactly supported and Hélder
continuous; if the densities f and g and their one-dimensional marginals are
bounded; and if the sample sizes m and n satisfy m/n — ¢ for some £ > 0 as
m and n diverge to infinity; then (hx, hy) is asymptotically optimal with respect

to Mmn.

This result is analogous to the result of Stone (1984) for density estimation.
The remarkable feature of such a result is its absence of smoothness restrictions on
f and g. We therefore have a window-size selection rule which performs optimally
for large samples regardless of the smoothness of the underlying densities.

The curve estimate for e can also be formed by using only one window-size

vector h instead of the pair (hy,hy). In this case our estimator is

emn(z|h, h) = pfm(z]h) — (1 — p)ga(2|h) (2.3)

and h can be chosen to minimise Sy, (h, k). In this case it would be advantageous
to standardise each data set for scale before applying the rule. The optimality
result analogous to that presented in Theorem 2.1 holds for this selection rule as
well.
6.3 Examples and Discussion

We shall illustrate the efficacy of the density difference discrimination rule
described in the previous section by applying it to some example data sets. The
first problem we consider is that of discriminating between the standard Cauchy
and standard normal normal distributions. In Subsection 1 simulated data are
used to assess the performance of the density difference discrimination rule, and
comparisons with the discrimination rule based on estimating the densities indi-
vidually are made. The application of each of these rules to a set of real data is

discussed in Subsection 2.

6.3.1 Discrimination Between Cauchy and Normal Distributions.
Consider the problem where an incoming observation Z is either from a pop-

ulation ITy having the standard Cauchy distribution f(z) = #~1(1+ 22)"! or a
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population IIy having the standard normal distribution g(z) = (2r)~%e~*"/2, The
prior probabilities of Z coming from each population are assumed to be equal. We
are therefore interested in estimating e = (f — g)/2.

For this discrimination problem the ideal discrimination rule is to classify Z

as coming from IIy if and only if Z € Ry, where
Ry = {z:e(z) < 0} = (-1.85,1.85).

The best obtainable error rate is therefore
ER* =1P(Z ¢ (—1.85,1.85)|Z € IIx) + +P(Z € (-1.85,1.85)|Z € II)

—1.85 oo 1.85 L
%(/ +f )7r‘1(1+z2)‘1dz+%-/ (2m)~2e* /% d;
-0 1.85 ~1.85
=37.44%.

We applied the two discrimination rules to twenty-five training samples of sim-

ulated data. The sample sizes were m = n = 100. The first rule, which we
shall label Rule 1, was based on choosing (hy, hy) jointly to estimate the density
difference. The second rule, based on choosing hx and hy to estimate the densi-
ties separately, will be called Rule 2. The Gaussian kernel K(z) = (2#)‘12“e“‘2/ 2
was used throughout since it admits an explicit formula for the cross-validatory
score functions. Rule 1 involved locating the window-size pair (71 X1 71,,,1) as the

minimiser of
R 100 100
S100,100(hx, hy) =(1/40000) > Y "{N(X; — X;,2h%) — 2N(X; — Y;, B} + A})

i=1 j=1

+ N(Y; = Y}, 2K2) + 2N(X; — Y;, h%) + 2N (X — ¥;, B2}

— (1/20000) Zi#j{N(Xi — Xj, k%) + N(Y: =Y, i)},

where N(z,h%?) = h™1K(z/h), and classifying Z as coming from II, if Z €
Ry(hx1,hy,), where

Rv(ﬁx.n ﬁm) = {z: 6100,100(2|ilx,1, ilv,x) < 0}. (3.1)

For each sample the exact error rate of the rule was then computed from the

formula

ER(hx,1, hy,) = & / 7 1+ 2%t dz 4+ % / (2r)~te " 2dz.  (3.2)
R¢ Ry

Y
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Implementation of Rule 2 required choosing x,2 as the minimiser of

100 100
Sx100(h) = (1/10000) Y >~ N(X;—X;,2h%)—(1/5000) Z,-# N(X;—X;, %)
=1 j=1 !

and Ay, as the minimiser of

100 100

Sv100(h) = (1/10000) > >~ N(¥; - ¥;,2h%) — (1/5000)) Z#JN(Y,- —Y;, B2

=1 j=1

The discrimination region Ry(fz %29 izylz) and corresponding error rate ER(B P Bm)
were then obtained using formulae analogous to (3.1) and (3.2).

Table 3.1 lists the values of the selected window-sizes and error rates obtained
for each of the twenty-five replications. As shown above, the lowest possible error
rate is 37.44%. For Rule 1 the average error rate was 38.15% with standard error
0.55% while the average error rate for Rule 2 was 38.90% with standard error
1.05%. For 16 of the 25 samples Rule 1 had a lower error rate than Rule 2.
Figure 3.1 (a) shows the density difference estimate corresponding to Rule 1 for
replication number 5. This was the thirteenth best estimate, out of the twenty-five
replications, in terms of minimising error rate and was chosen in an effort to depict
average case performance of the estimator. The estimated classification region Ry
in this case is Ry = (—2.18,1,43). The estimate of e required for Rule 2 based
on the same sample is graphed in Figure 3.1 (b). The estimate of R, for this
rule is Ry = (—4.35, -3.41)U(—1.87,1,13). The observation that the window-size
selection rule for Rule 2 undersmooths the data in this case was typical of behaviour
throughout the study. Rule 1 tended to choose larger window-sizes leading to a
somewhat less noisy curve estimate than the one formed using the window-sizes
of Rule 2. The asymptotic theory, summarised by the formulae at (2.1), (2.2) and

(2.3), lends weight to this observation since the optimal window-size pair satisfies
(Bx.opt Brrope) ~ (1.4077Tm /% 1.4486n1/%)

when hx and hy are chosen jointly and £ = 1. If they are chosen separately then

Bxope ~ 1.0339m~1/5 and hy .o ~ 1.0592n=1/5, Therefore, for large samples,
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Table 3.1: Selected window-sizes and corresponding error rates
for discrimination between Cauchy and normal distributions.

I Rep I_hx.1 l Ry, I ER(hx.u hy.) " hx.s I Ry, I ER(hy,1, hy2) I
1 1.0728 [ 0.7777 [ 37.71 0.4445 | 0.1305 39.96
2 0.4517 | 0.5180 37.58 0.2989 | 0.4476 40.01
3 1.6663 | 1.0086 37.70 0.7052 | 0.4420 37.88
4 1.5769 | 1.1242 37.95 0.3951 | 0.4912 37.79
53 1.1575 | 0.8258 37.99 0.5987 | 0.5025 39.58
6 1.3660 | 0.8898 37.68 0.5713 | 0.3048 38.74
7 0.8647 | 0.1175 38.64 0.8503 | 0.2135 38.01
8 1.2138 | 0.8734 38.41 0.3880 | 0.4420 39.50
9 2.2949 | 1.6599 39.48 0.4537 | 0.4929 38.25
10 | 1.8300 | 1.2693 38.37 0.7009 | 0.6145 38.09
11 | 0.4671 | 0.1292 39.10 0.4478 | 0.1808 38.72
12 | 1.9966 | 1.4192 38.49 0.6149 | 0.5803 38.26
13 | 1.0915 | 0.7119 38.42 0.2382 | 0.4186 40.88
14 | 2.1960 | 1.6063 38.75 0.3713 | 0.4165 38.86
15 | 1.6413 | 1.0321 37.67 0.7191 | 0.5610 37.45
16 | 1.6111 | 1.0200 37.72 0.4310 | 1.0000 40.51
17 | 1.5442 | 0.8049 37.45 0.6250 | 0.4502 37.66
18 [ 1.3764 | 1.0269 37.45 0.4985 | 0.1777 39.86
19 | 1.8332 | 1.4069 38.18 0.4808 | 0.5045 37.69
20 | 1.3161 | 0.8114 37.93 0.2747 | 0.2435 39.46
21 | 1.7953 | 1.4172 37.84 0.4824 | 0.4217 39.78
22 | 1.6175 | 1.0767 37.56 0.5185 | 0.3733 37.65
23 | 1.1703 | 0.8188 38.24 0.4973 | 0.2446 40.65
24 | 2.3368 | 1.7655 39.11 0.4705 | 0.5763 38.55
25 | 2.0659 | 1.4020 38.25 0.6222 | 0.2357 38.66
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Figures 3.1 (a) and 8.1 (b): Typical estimates of the difference between the Cauchy and the normal
densn:y with (a) hx and hy are chosen jointly to minimise S0, mo(h x,hy) and (b) hy chosen to
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Table 3.2: Calcium concentrations (millimoles/litre) of urines
with and without crystals.

| With crystals | Without crystals |

245 1.32 |6.96 4.18
449 155 |4.45 13.00
236 152 |5.54 0.27
2.15 0.77 |6.19 7.64
1.16 217 |7.31 6.63
3.3¢ 017 |8.53 14.34
1.40 0.83 -|4.74 9.04
8.48 3.04 |2.50 0.58
1.16 1.06 |1.27 7.82
221 3.93 |4.18 12.20
1.93 538 |[3.10 9.39
1.27 3.53 |3.01
1.03 4.54 |6.81
1.47 3.98 |8.28
1.53 1.02 |2.33
509 346 |7.18
1.05 1.19 |5.67
2.03 5.64 |12.68
7.68 266 |8.94
1.45 122 |3.16
5.16 2.64 |3.30
0.81 231 |6.99
1.32 0.65
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Figure 3.2: Density difference estimate obtained from the urine crystal data (see Table 3.2) where
the window-size pair (hx,hy) is chosen to minimise Sa,s4(hxs hy).



the window-sizes chosen by cross-validation to minimise S x.m(h) and S'Y,,,(h) will
tend to produce window-sizes which are about 25-30% lower than the optimal

window-sizes when estimating e for this particular problem.

6.3.2 Formation of Crystals in Urines

Table 3.2 displays the calcium concentration in millimoles/litre of 79 urine
specimens. In 34 of the specimens the formation of calcium oxalate crystals has
been observed. There is no presence of crystals in the remaining 45 specimens. The
data were obtained from Table 44.1 of Andrews and Herzberg (1985, p.251). We
decided to use the density difference estimator developed in this chapter to form
a rule for classifying a urine as either “not to form crystals” or “to form crystals”
based on the observed calcium concentration. The calcium concentration readings
of those urine specimens without crystals constituted the X' sample with m = 45.
The Y sample consisted of the calcium concentrations of the urine specimens
containing crystals with n = 34. We assumed equal prior probabilities and used
a Gaussian kernel for our estimate. The window-size pair selected by minimising
834,45(hx,hy) was (hx, hy) = (0.2076, 1.6675). The density difference estimate is
plotted in Figure 3.2. The graph shows that a reasonable discrimination rule is
to decide that a urine will form crystals if the calcium concentration is above 5

millimetres/litre.

6.4 Proof of Theorem 2.1

Throughout this section welet C,Cy, C,, . .. denote positive generic constants.

We define the functions fj, and g, to be

#u(@) = Bln(ali)} = [ Kale —u)f@)dy
and

(@) = Blan(alh)} = [ Ko~ 1)o@ dy

In addition we put enyny = Pfax — (1 = P)ghy-
The proof of Theorem 2.1 will be preceded by six lemmas. For each lemma it

is assumed that f, g, K, m and n satisfy the conditions ascribed to them in the
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statement of Theorem 2.1. Most of these results will only be stated and proved
for the population IIx and the sample X. The analogous results for IIy and Y

are a trivial consequence.

Lemma 4.1. There exist positive constants C and p such that
[(ersny = o7 2 Clot, Aok, A)

for all (hx,hy) € RL x RY.
Proof. Let v, x and w denote the Fourier transforms of K, f and g respec-
tively. The Fourier transform of K}, is 15, given by ¥a(t) = ¢(ht) where ht =
(Rit1,...,hqatd). Also, the Fourier transforms of fo, and gy are Yayx and ¢a,w
respectively. Since x and w are not identical, but satisfy x(0) = w(0) =1 and are
continuous, then there exists a non-empty bounded sphere S centred at the origin
of R? for which

inf [_Ipx(t) = o1 = pJu(t) di > 0
Because K is symmetric, compactly supported and integrates to unity, there is a

smallest integer & > 1 such that
/(1 2)2*K(z)dr #0
where 1-z is the inner product of z and the d-vector with all entries equal to unity.
For this k,
Pr(t) —1= /{cos(ht cz) —1}K(z) dz

= (~DM@E (e 2K (@) do + o B

= (~DM@MY AP [ (ut - 2K (@) do + ol[B)
for some unit vector u, uniformly in t € S, as |h| — 0. Therefore, by Parseval’s

identity,

o) [(enhy = = [ 1080 = Dpx = Gy = 13 = ol
>{(2k!)} 2| hx|* [esl/(uxt - 2)K(z) dz px(t)

2

— (el [ (st 24K (@) d (1= Pt e
+ o([hx|** + |hy|*F)
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where ux and uy are unit vectors. Assume, without loss of generality, that lhx| >

|hy|. Then

(2m)4 / (enxhy = &) 2{(2k)} e[ inf ftes { / (i x)2.kK(x)dm}2
X [px(t) = (1 = pJw(t)[? dt + o|hx |*F)
= Clhx[** + o |hx [**)
> Clhy[** + o([hy [*F)
where C' > 0. For small values of |hx| A |hy| the required result is a consequence
of |h|? > vy. The result for large |hx| and |hy| follows from the observation that
J(enxny — €)? is bounded away from zero whenever both hy and hy lie outside

any neighbourhood of the origin. i

Let
Gmn(hx, hy) = /(ehxhy — 6)2 + m_lv;; + n'lv;‘f,

By, m(hx, hy) =m™ i ehxhy (Xi) = E{enxny (X1)},

=1

Byn(hx,hy) = n~! Z ehxhy (Yi) = E{enxny (Y1)},

=1

Dxn=m') e(X;) - E{e(X1)},

i=1

Dy,=n""! i e(Y;) — E{e(Y1)}.

i=1
Also let Hy,, and Hy,, be subsets of R4 satisfying card(Hx,.) < Am® and
card(Hy,,) £ Bn® for positive constants A, a, B and b. The product set Hy ,, X

Hy , will be denoted by Hp, .

Lemma 4.2.

hm Sup{emn(hX1 hY)—llBX,m(h)n hY) - Dx,ml : (hX, hY) € Hmn} =0 (41)

m,n~+00

almost surely, and

lim sup{a,,m(hx,hy)-l /{emn(-lhx,hy) — ehxhy }Y(€hxhy —€)

m,n—oco

:(hx,hy) € Hmn} =0
(4.2)
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almost surely.

Proof. Define
Zihxhy = ehxhy (Xi) — e(Xi) — E{enyny (X1) — e(X1)}

and uixhy = [(enxhy — €)?. Then clearly Zizxhy, ¢ > 1, is a sequence of inde-
pendent and identically distributed random variables, each having zero mean. It
follows from the boundedness of f and g that |Z;p,h, | < C1 and Var(Zia,py) <
C’zuix hy» Where Cy and C; are positive constants not depending on (hx,hy).

Notice that

m
Zomhxhy =mt Z Zihxhy = Bxm(hx,hy) — Dx m.

=1

We have from Markov’s inequality for all ¢ > 0 and o > 0,

m
E Zihxhy

=1

a

P(lfmhxhyl > t) <t7™*m™%E

Assuming from ﬁow on that @ > 1 we obtain from Rosenthal’s inequality (Hall

and Heyde (1980), pp.23-24),

m o m a/2 m
> Zingny| <Cs [{ZE(Z?hxhy)} +ZEIZa‘hxhy|"] ;

i=1 =1 i=1

E

This implies that
P(I_Z_mhxhyl > t) S C4t—a(m-a/2ulo|‘xhy + ml—a)

where C4 depends only on a. Setting ¢t = €8mn(hx, hy), Where € > 0, leads to

P{bma(hx, hv)_ll_z—mhxhyl > €} -<-C5(uixhy == m_l'v;; + n_lv;:)_a (4.3)

—af2

x (m uﬁ’xhy +m1'°’)

By the assumption that m/n — £ > 0 we may assume, without loss of generality,

that vs, < va,. Suppose first that vy, > 1. Then from Lemma 4.1 “%xhy > Cs

which, on application of (4.3), gives

P{0mn(hxs hy) ™ Zmhxhy| > €} < Cr(m™/% + ml1=), (4.4)
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Next suppose 0 < vp, < 1. Let 7 = 7 — 1/{2(1 4 p™')} where p is the constant

appearing in Lemma 4.1, and consider separately the cases (i) upxhy < m™=% and

(ii) unghy > m™~%. If (i) is true then it can be shown that
P{8ma(hx, hy) " Zmhxny | > €} SCs(mony)* (m™ *ufyn, +m?™®)

<Cs [m—a/{2(p+1)} + ml—a/(p+1)], (4.5)
while under (ii) we have
P{amn(hx’ hY)—l‘Emhx hYI > e} Sc5uiizy(m_a/2ugxhy & ml—a)
<Cs(m™°" 4+ m!~%o7). (4.6)
It follows from (4.4), (4.5) and (4.6) that for all vs, >0,
P{8mn(hs hy) " Zmixhy| > €} = O(m™7)
for every B > 0. Because of the restriction imposed on the cardinality of the set
Hn and the assumption that m/n — £ > 0 we obtain

> P{Omnlhx,hy) T Zmaxhy| > € = O(m™F)
(hx,hy)EHmn

for each B > 0 implying, by Boole’s inequality, that

Z Sup{P{emn(hx,hy)_l I?mhxhyl > 6} : (hx,hy) € Hmn} < X

m=1

for every € > 0 and n > 1. The result at (4.1) follows from the Borel-Cantelli
lemma.

The proof of (4.2) can be accomplished by applying the same argument to
Zihxhy = /{PKhx(z—X:‘)—(l—P)Khy(z—Yi)—ehxhy(Z)}{ehxhy(Z)—e(Z)} dz. 1

For r > 0 we shall let

Omr(h) = v) AL+ m™ v7}

and

Bmnr(hx, hy) =vE, Avh, A1+ m"lv;; + n'lv,fl.

Let F be the distribution function of X; and F,, be the empirical distribution
function of the sample X. The functions G and G, are defined analogously for Y;
and V.
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Lemma 4.3. Forallr >0,

lim sup Bpmr(h)™?

m—X heHx,m

// P Kp(z — y{dFm(z) - dF(a:)}{cZFm(y) — dF(y)} =0

almost surely.

Proof. Let X* and X** be independent random variables having the same dis-

tribution as X;. Define the function up by
pn(z) = E{Kn(z — X*)}

and let
vh = E{un(X*)} = BE{Kp(X™ — X™)}.

It is easily verified that
[ [ e = 0){dFa(e) ~ dF@HER) = W) = 2Worn + Wi
where
Vih =m™) ZKJ.{Kh(Xi — X;) — un(X:) — pa(X5) + v}

and

Wonn = m ™" tup — om ™2 Z pn(Xi).

i=1

For 1 <1,j <mlet
Ui; = Kn(Xi — X;) — pn(Xi) — pa(X;5) + v

For2<k<mpuwtTi= Ef:z E;’;ll U;; and let Fi denote the o-field generated by
{X1,...,Xx}. Then one may establish that {(Tk, Fr), 2 < k < m} is a martingale
and {(Zk,Fx), 2 < k < m} is the corresponding martingale difference sequence
with Z, = Tp and Zy = T — Tk—1,3 <k < m. Since Tm = 3 res Zk, We have for
all positive ¢t and all & > 1,

2a s
< Ct~2om*1 ) B|Zi (4.7)
k=2

2 7

k=2

P(|Tm| >t) < t72°E
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The second inequality follows from Holder’s and Burkholder’s inequalities (see Hall

and Heyde (1980) p.87) with C; depending only on a. Next observe that

k-1 k-1
Zy = Z Uix = Z{Kh(Xi - Xi) = pa(Xi) = un(Xe) + n},

=1 i=1
so that conditional on X, Z; is a sum of k¥ — 1 independent and identically
distributed random variables. Therefore, by Rosenthal’s inequality (see Hall and
Heyde (1980) pp.23-24) with conditioning on Xk,

E(1Zx**|Xx) < Cal{(k = DE(ULIX)}* + (k= DE(Un[**|X)].  (4.8)

We shall consider separately the cases (i) 0 < vy, < m~1/(r+2) | (if) m~1/Cr+2)
vp < 1 and (iii) vp > 1. From the boundedness and compact support of K and

the boundedness f we have
B(|Uw[**| X&) < Cavy*®

and

E(U%|Xk) < Cavi?,

where both bounds are in uniform in Xj. Substitution of these estimates into (4.7)

and (4.8) gives
m m
P(|Tin| < t) < Cst™2*m*~! { (2 k“) vy & + (Z k) v;2°'}
k=1 k=1
S Cst—2a(m2av’:-a + ma+1v;2a)_

Now choose ¢ = m%6,,.(h)e where ¢ > 0 is arbitrary. Then, noting that Vi =

m~2T,,, we have
P{8rme(h) ™" [Vma| > €} < Co(mo, + vi) 27 (0p* + m =07,
Let (i) be true. Then we have the bound

P{Bumr(R) ™} |Vimn| > €} < Co(vy ") ™2 (w5 ™ + m' v *%)
< Ce{m~o/Cr+D) L mi=a}, (4.9)
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If (ii) holds then

P{Bmr(B) ™ [Vima| > €} < Co(mup) 72 (vy® + m? ~*v;%%)

< Co(m™™ + m!™2%). (4.10)
Finally, if (iii) holds then we have

P{emr(h)—llvmhl > 6} < Cs(m + v,jl)'%‘(l + m1—°‘)

< Co(m™2% + m!739). (4.11)
Combining (4.9), (4.10) and (4.11) yields that
P{Brmr(h) Y Vima| > €} = O(m™F)

for all 3 > 0. As in the proof of Lemma 4.2, Boole’s inequality and the Borel-

Cantelli lemma can be used to establish that

lim sup Omr(R) " |[Vmal =0

m—+00 heHX,m

almost surely.

The proof will be complete if it is established that

lim sup Om,.(h)—llwmh|=0

M= heHx,m
almost surely. This, however, is quite easy in comparison to the above arguments

and follows quickly from the boundedness of K. i

Lemma 4.4. Forallr >0,

im0 17| [ [ Kile = {4810 @} 65000) - a6}

m,n—

:hGHx’m}=0

almost surely.

Proof. Let X* and Y* be independent random variables such that X* has the

same distribution as X; and Y™ has the same distribution as Y;. Define

pxa(z) = E{En(z = X"}, prale) = E{Ka(z =Y},
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vh = E{uxn(Y")} = E{pra(X")} = E{En(X* - Y7)}

and

Zopi =01 Z{Kh(X.' —Y;) = pyn(Xi) — pxa(Y5) + vn}
=1

Then we have

T =m' S Zosi = [ [ Kalo = 0)1dFn(e) - dFHG W) - 46w}

=1

For ¢t > 0 we have by Markov’s inequality,

m 2a
P(l_Z—mnhl > t) S t—2am—2aE Z Znhi )
i=1
where it is assumed that « > 1. Conditional on {Y3,...,Y,} the random variables

Znhi, 1 <1 < m, are independent and identically distributed with mean zero. In
the following we shall use E' to denote expectation conditional on {nr1,...,Y,}.

According to the conditional version of Rosenthal’s inequality,

m 2a
> Zawi| <G HZ E'(Z%4) } - Z E'|znh,|2“]
=1

EI
=1 i=1

= Cy{m*E'(Z}41)™ + mE'| Znm |[**}-

Taking expectations we obtain

Z Znht

t=1

< Ci[m*E{E'(224,)}* + mE|Znn1[**]. (4.12)

Set
Uij = Kn(Xi = Y5) = pyn(Xi) — pxa(¥5) + v

and note that Zpp; = n?! E;-'___l Uj. Conditional on X, the random variables Uy ;,
1 < j < n, are identically distributed with zero mean. Let E" denote expectation

conditional on X; and apply Rosenthal’s inequality again to yield
E"lznhl |2a _<_ Czn—Za{naEH(UIZ’l)a + nE"lU1,1l2°'},

so that
E|Zan1|?® < Can~2[n*E{E"(U)}* + nE|U1,1**]. (4.13)
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Also, from the conditional version of Hélder’s inequality, {E"(Z%,)}* < E'|Zun1]?e,
implying that
E{E'(Z%1)}* £ E|Znm|*. (4.14)

Combining the estimates at (4.12), (4.13) and (4.14) provides

> Zoni

i=1

2

E < Co[mon =@ E{E"(U2)}* + m*n! @ E|U 1], (4.15)

The boundedness of K implies that E |U1,1|2°’ < C4v;2°. Also, since the densities
f and g are bounded, we can show that E" (U2,) < Cs vy ! uniformly in X;. Hence

E{E"(U2,)}* < Crv;®. Therefore, in view of (4.15), we obtain

m
Z Znhi

=1

2
< Ce(m®n™%v, * + m“nv;%‘),

E

so that

P(|—Z-mnh| >t) < Cst™2*(m™*n"%v;, * + m""nv,f“).
Let t = Omnr(h, h)e for € > 0. Then
P{bmnr(h, B) Y Zman| > €}
< Cs(wi Al +m ot +n o) T2 (mT T v % + m~onlTiay 2,
Assume, without loss of generality, that m > n. Then
P By ) Zrnnl > €} < o0 A1+ n 107 ) 2 (n 700 003 5),
Arguments identical to those used in the proof of Lemma 4.3 lead to

P{emnr(ha h)_lrz-mnh' > e} = O(n_ﬂ)

for all 8> 0. This is sufficient for the required result. il
For a function J : R — R we shall let J t denote the convolution of J with

itself. As before we let k3 = K¥(0) = [ K2,

Lemma 4.5. Forallr >0,

lim sup{@mm(hx,hy)'l /{emn(°|hX7hY) - ehxhv}2

m,n—oo

- n%{p2m_lv,:'; +(1 —p)zn-lv;‘}} : (hx,hy) € Hmn} =0
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almost surely.

Proof. It may be shown that

[temn(lhz, ) = encn ¥
=7 [ [ Kloe = )dFn(z) — dF@HAFR() ~ dF W)}
@97 [ [ K= = 1)ldGn(s) = dG()}dGny) = d6))
~29(1=p) [ [ * Kny )& = ){dFn(2) = dF@HIGH(0) = dGW))-

Observing that

[ [ Kl = 0dFale) ~ F@HAFR() = P} = =ty

and

[ ] _ b (o = 9)(du(e) - d6(@)}dGa(s) = d60)} = sin™viy
we obtain
[CemnClha ) = ensig 2 = i3(Pm gL + (1= 2P 0i)
=2 [ [ Khele = 0){dFn(z) = dFG) () = 4FW)
=22 [ [ KL= 0){dGa(e) - dG(@HICH() = G
~2p(1=#) [ [ (K » Ky ) = 1){dFn(2) — F@)HAGH) = dGW))

Application of Lemma 4.3 to the first two terms on the right-hand side, with K 1
instead of K, and a simple adaptation on Lemma 4.4 to the last term gives the
desired result. W

We also require the following technical result for the proof of Theorem 2.1.

Lemma 4.6. Suppose that a,, and b, are both sequences of real valued functions

defined on some set U and satisfy

lim sup
n—oo ueu

-1 =o
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Then
iy e 0ol _
n—oo infyey bn(u)

Proof. Assume, without loss of generality, that an,bn > 0 for all n > 1. Let

0 < € < 1 and suppose that

sup

M‘—)—ll <e (4.16)
u€eU

bn(u)

It is sufficient to show that this implies

infuey an(u)
ofucut bu(2) 1‘ < e (4.17)

From (4.16) we have for all u € U, an(u) < (1 + €)bn(u). Hence infueu an(u) <
(1 4 €)bn(u) for all u € U, which implies that

11161{‘ an(u) < (1+¢€) ;Ié{‘ bn(u). (4.18)
Similarly, we may show that
airellfl an(u) > (1—¢) ;Iel{l bn(u). (4.19)

Combining (4.18) and (4.19) we obtain (4.17) as required. N
We shall first prove an altered form of Theorem 2.1 where (hx,hy) is confined

to the set H,,n, rather than the whole of Ri X Ri.

Observe that
Monn(hs ) = [{emnllhs,hy) = engiy 1
+2 [ {emnClhe, ) = ensir Henshy =)+ [enene =P
leading to
Mun(hese) = [ [(eneny = o + S 0Pm 072 + - Pt
=2 [ emn(lhs, be) = ensir Henshy =€)+ [temnClbe, ) = ensir ¥
— k2 {p*m ol + (1 = p)’n "o, )

It follows from Lemmas 4.1, 4.2 and 4.5 that

tim_sup{Bmn(hax, hy) 1 Mmn(hx, hy) = $mn(hx, )l < (hxs ) € Hinn} = 0
(4.20)
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almost surely, where Ymn(hx, by) = [(enxny —€)2+63{p*m ™ v, +(1-p)?n " o5} ).
It is clear on comparison that we can replace 8,45 (hx, Ay ) bY ¥mn(hx, hy) in (4.20)

so that
mlrilrﬂoosupﬂz,bmn(hx, Ry) *Mpn(hx,hy) = 1] : (hx,hy) € Hnn} =0 (4.21)

almost surely.

It can be seen from the formula for gmn(hx, hy) that
Smn(hx, hY)+Cmn = mn(h)n hY)+2Rmn(thhY)

where Crun = [ €% + 2pDx, ., — 2(1 — p)Dy,, and
Rm’n(hX,hY) e p{DX,m - Bx,m(hX7 hY)} - (1 - p){DY,n - BY,n(hX7 hY)}

2 [ [ Kuxle —}dFn(z) = dFE)}H{dEn(y) - dF W)}
-z | Ko = )dGa(@) = 4G HdGu(w) ~ 46()
+5(1=5) [ [ Kux(a = 9){dFn(z) - dP(E)}H{dGn(y) - dG(w)
+91=p) [ [ Kny(z = )ldFn(s) - dFE)HdCaly) - dOW)}

Application of Lemmas 4.1, 4.2, 4.3 and 4.4 to the terms on the right-hand side

gives
mlimoosup{é'mn(hx, hy) Y| Rmn(hx,hy)| i (hx,hy) € Hpn} =0 almost surely
and so

im_ sup{Yma(he, by) ™ [Rmn(hx, Byl 2 (b, hy) € Hima} = 0

almost surely. Consequently

. an(hX, hY)
I
mymco T { Ymn(hxs hy)

gmn(hx, hy) + Cmn

-1
an(hX7 hY)

:(hx,hy) E Hmn} = 0

almost surely. Combining this with (4.21) gives us

gmn(hx, hY) + Cm'n

-1
Mpn(hx,by)

:(hx,hy) € Hmn} =0 (4.22)

lim sup {
m,n—+co
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almost surely. Recall that (ﬁx,fzy) is the minimiser of S'm,.(hx,hy) over Hopn.
Then from (4.22)

=1 almost surely. (4.23)

lim
m,n—o0

[S’mn(ﬁx, BY) + Cmn
an(hx, hY)

Also from (4.22) and Lemma 4.6,

i inf{gmn(hx,hy)-*-cmn : (hX7hY) € Hmn} —
= [ inf{Mpmn(hx,hy): (hx,hy) € Hmn} =1  almost surely

m,n—oco

or equivalently,

lim
m,n—oo

[ S’mn(ﬁx,ﬁy) + Cmn

- =il almost surely. (4.24
inf{ Mmn(hx,hy) : (hx,hy) € Hmn}] v )

Combining (4.23) and (4.24) we obtain

. an(ilx, EY)
= alm !
i B [inf{an(hx, ) gy ) € Hond | ost surely

The result stated at (2.4) can be obtained from this one by using the assump-
tion that K is Holder continuous. The argument used to establish this is along

the same lines as that given in the proof of Theorem 4.2.1. B
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Appendix A

PROOF OF AN L, OPTIMALITY RESULT
USING THE KOMLOS-MAJOR-TUSNADY
BROWNIAN BRIDGE APPROXIMATION

This appendix is devoted to the proof of an asymptotic optimality result for
the window-size selection rule proposed in Section 2.4. Using technology com-
pletely different to that employed in the proof of Theorem 2.4.1 we shall prove a
result similar to that stated at (2.4.8).

Throughout we let
fa(z|h) =n"1 Z Kp(z — X3),
=1

where K is a pth order kernel as defined in Section 2.2 and Kx(z) = h™1K(z/h).
Alsolet by (z|h) = E fo(z|h)— f(z) denote the bias at z. Recall that the L;-optimal

window-size for this estimator is asymptotic to

h* = cln_l/(2p+1) (Al)

for some constant ¢; > 0, and that the data-base window-size h;, defined at (2.4.4)

is such that
lim A% /R* =1 (A.2)

n—oo
almost surely. Our concern is to prove the following asymptotic optimality result

for L; loss,

Ta(w) = [ ifa) = 11
In the proofs we shall use Cy, Cs, ... to denote positive generic constants.

Theorem A.1l. If the density f has compact support and p continuous derivatives

and the kernel K is of bounded variation and has compact support, then

Tim {Ja(h3)/Ta(h")} = 1

114



in probability.

Our proof or Theorem is based on a Brownian bridge approximation of the
empirical distribution function due to Komlds, Major and Tusnady (1975) and
further investigated by M. Csorgd, S. Csorgd, Horvath and Mason (1986). The

following lemma makes use of such an approximation.

Lemma A.l. Suppose that the random sample X1,..., Xy is drawn from a pop-
ulation having density f and distribution function F' for which E| X |2""’_1""e < oo
for some ¢ > 0 and that the kernel K is of bounded variation (that is, [ |d K| < c0).
Then

Ta(h*) = An(h*) + 0p {n /D)) (A3)

where

An(h) = /_ Z n~th! /_ o:o WO {F(z — hz)}d K(2) + bn(z|h)| dz

and {W2}22, is a sequence of Brownian bridges.

Proof. Let X, < -+ £ X, be the order statistics of the sample and F;, be the

corresponding empirical distribution function. Notice that
(= ]
Falalt) = [ K{(@ = u)/MAFa)
oy
= p1 / Fo(z - h2)d K(2),
-0

with the last step involving integration by parts and a change of variable. Therefore
fulalh) = Efa(c|h) = b~ / (Fu(c —he) = F(z — h2)}dK (). (A4)

Consider a random sample of size n from the uniform-(0,1) distribution for which
the order statistics are Uny < ++* < Un,n and the empirical distribution function
is G,,. Theorem 2.2 of M.Csorgd et al (1986 p.43) asserts that for every 0<rv< i
and as n — o0,
sup 't {Ga(s) = s} = Wa(a)l{s(1 = )} 72 = 05(1)
Un,1<8<Un,n
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for some sequence of Brownian bridges WJ. Taking s = F(z) in this equation we

obtain, as n — o0,
o =trrr0 —(v+d)
Fu(z) — F(z) = n"iWZ{F(z)} + O,(L)n™ "V [F(2){1 — F(z)}]? (A.5)
foral0<v< i and uniformly in X, ; <z < Xy n. Let
Az)={z:(z = Xnn)/h <2< (x—Xn1)/h}.

Then
Fo(z — h2) — F(z — hz) =n"$W2{F(z — h2)}

+ 0,(Wn~ D [F(e — he){1 - F(z — hz)}5 ™
uniformly in z, z € A(z) and h. Therefore '

/ {Fa(z — hz)—F(z — h2)} dK(2) =n~% / Wo{F(z — hz)} dK(2)
A(z) A(z)
+0,(1)n~C+D / (F(z — h){1 - F(z — ho)}}~ dK(z),
A(z)
so from this and (A.3) it follows that for all z € R,
Fa@|h) = Efa(alh) =n~3p71 / T W F(c - h2)} dK(2) + Ra(z,h)  (A6)
where

/_ | Bu(z, B)| de < O,(1)n=C+Dp-1 /_ ” /_ " 1F(z = ho){1 — Flz — he) 3" |dK(2)\de

(o]

4ty /_ ) /A PR = h) K () de (A7)

+ A1 / ” / \Fu(z — he) — F(z — h2)| |dK(2)| de.
—oo JA(Z)©

Assume from now on that

L <v< Lte
2(2p+1) 2(2p+ 1+ ep)

for 0 < € < 1. Observe that

/_ Z /_ O:O[F(x — ha){1 = F(z — h2)}]}~"|dK (2)] dz
<it{ [T tammi} [ F@) - Py
< ([fuaxr) [T pax> myay
< (/IdKI> [1+E|X1|2+P"+f /1°° y~ @+ -) dy]

< o0

(A.8)

<1
4
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from our assumptions on K and f and since ~(2 +p~! + €)(3 — v) < —1 from
the assumption made at (A.8). Therefore the first term on the right-hand side of
(A.T), Th1(h) say, is such that

Ta1(h) = Op{h~in~ (1)}, (A.9)

Let T,2(h) and Tn3(h) denote, respectively, the second and third terms on the
right-hand side of (A.7). To bound T,2(h) we first note that for a Brownian
bridge {W°(¢): 0 <t <1},

[We(t)| = Op(1)t2 (A.10)
uniformly in 0 < ¢ £ 1, for any § > 0. This yields

[ mware - o) de

-0 Jhz<z—Xn 1
- -1 [T Y810k (5 — .
=o,n [ [ F@tiaie - yymd

=0 (f1axl) [ Pty
< 0y(1) ( / ldKl) F(Xn1)” /,, o, F(y)¥—=% dy.

It is straightforward to verify that

F(Xn1)=Ung = 0p(n7")

as n — co and that fy<X,. . F(y):="=% dy < oo for a sufficiently small choice of

6. Treating the integral over {(z,2) : hz2 <z — X, 0, —00 < & < oo} in a similar

way we obtain

Tpa(h) = 0, {R~1n~(+ D)}, (A.11)
Finally,
/_ : /;. ey, Pale =) = Flo— he)||dK (2)| dz
=w [ v FOUK (= )/ e

< ( / |dK|) Fnay*t [ Fw)iay
y<;rn,1
= Op{n~ 0D},

117



Applying a similar treatment to the integral over {(z,z) : hz <z — Xy 0, —00 <

T < oo} it follows that
T,o3(h) = Op{h~'n~ (1)}, (A.12)
and so after combining (A.7), (A.9), (A.11) and (A.12) one obtains

/°° |Ra(z, B)| dz = Op{h~In~ (1)},

-0

Putting k equal to h* = ¢;n~1/(2P+1) gives

| 1Bale,h7)lde = 0, ntErH0=04D) = 0 (no BP0} (A1)

— 0

by choice of v > 1/{2(2p + 1)}. Now
|Tn(R*) — An(h*)]

< [_Z fn(xlh"‘) - Efn(:b'lh"‘) - 'n,—%(h*)—l ‘/—oo Wf‘:{F(it _ h*Z)}dK(z) iz

< / |Rn(z, h*)| dz

—o0

and the required result follows from this and (A.13). N

For a Brownian bridge W° we will let £ be the random function given by

£(zlh) = A} / We{F(z — hz)} dK(2).
The distribution of £(z|k) is of interest and the next lemma provides us with this.

Lemma A.2. For each real number z, the random variable (nh)~¥&(x|h) has a
normal distribution with mean zero and variance equal to Var{ fn(z|h)}. Further-

more,

Cov{(nh)~&(z|h), (nh)~2€(y|R)} = Cov{fa(z|h), fa(ylh)}
for all z,y € R.

Proof. By treating the definite integral as a limit of a sum of areas of rectangles
it is apparent that £(x|h) is the limit of a sum of normal random variables and so

itself is normally distributed. Clearly
Ee(z|h) = b=} / E[W°{F(z — h2)}]dK () = 0
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which implies that

Cov{E(alh), E(y|h)} =h~ /_ ~ /_ " BW°(F(z — ha)}yWO{F(y — hw)} dK(2) dK(w)
! /_ C: /_ " F{(z = h) A (y — hw)} dK(2) dK ()

_h /_ ” Pz - he)dK () /_ " Fly — hw) dK (u(p.15)
where we have used the property
E{W°(s)W°(t)} = s(1 -1), s§<t
of a Brownian bridge W°. It is well-known that E{F,(z)} = F(z) and
Cov{F,(s), Fr(t)} = n7'F(s){1 - F()}, s <t.
From these results it follows that the expression at (A.15) is equal to

nh[E { /_ : h=1F(z — h2) dK(2) /_ Z A1 Fi(y — hw) dK(w)}

- [T W= b ax) [ - b))
= nh[E{fa(z|h) fa(y|h)} — {E fa(z|h)HE fa(y(h)}]
= nhCOV{fn(l'lh)’ fa(ylh)},

giving rise to
Cov{(nh)~¥¢(z|h), (nh)~3¢(y|h)} = Cov{fa(z|h), fa(ylh)}.

In particular

Var{(nh)~¥&(z|h)} = Var{fa(z|h)},

completing the proof.

The last lemma we need concerns the random variable G(h) given by

[= o}
G(h) = / (nh) =& (a|h) + h?bs| do

—o0
where b; = (k1/p!)f®)(z). Note that G(h) is simply the expression for A(k) with
the bias b,(z|h) replaced by the leading term in its asymptotic expansion.
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Lemma A.3. Suppose that both f and K are bounded with compact support

and that f®) is continuous and bounded. Then
Var{G(h*)} = o{n~2?/(p+1)},

Proof. Since f and K each have compact support we may assume that for some
r >0,
r
G(h)= | |(nkh)~¥e(z|h) + APb,|dz.

-r

Let T = [—r,r]? and define for all § > 0,
Us={(z,y) €T: |z —y| <6}

Also we will write v2(h) = Var{fa(z|h)} and N, = vz(k)~1(nkh)~%£(z|h), so that
from Lemma A.2 NV, is an N(0,1) random variable. Consider the bivariate normal

random pair (N, V) where (z,y) € T — Us. From Lemma A.2,
pzy(h) = Cov(Ng, Ny) = {vx(h)vy(h)}_ICov{fn(a:Ih),fn(ylh)}.

Simple algebra leads to
Cov{fa(2|h), fa(ylh)} = — n"H{Efa(z|h) HE falylh)}
+n R T2E[K{(z — X1)/h}K{(y — X1)/h}].
Suppose that the support of X is contained in the interval [—s, s] and let h <
6(23)7. Then K{(x—X1)/h}K{(y—X1)/h} = 0 implying that, for z,y € T —Us

and small A,
- -Efn(xlh)Efn(ylh)
pay(h) = nvz(h)vy(h)

Let Ny be another N(0,1) random variable which is independent of V. It is trivial

to show that the distribution of (N.,N,) is identical to that of ((1 — pf,y)‘%N; +

pzyNy, Ny). The variance of G can then be expanded as follows:
Var{G(h)} =E{G(h)*} — {EG(h)}?
- / / E{[va(h)Ns + Kb |[vy(R)N, + BPb, |} dz dy
T

, 2
- { E|vg(h)N, + h?b,| dm}

-r

=I1(5a h) + I2(57h) + I3(ha 6) + I4(67h)
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where
L(6,h) = // E{|vs(h)Ns + hPb,|[vy(B)N, + h?b,|} dz dy |
16, = [ [ B ([le Wy 75~ 11— g2, (1) s o
X |vy(R)N, + h?b, l) dz dy,
Ly(8,h) = / /T _, iy + 73,
X B [[{1 = p2,(m)}  va(h)Ng + hPbo| — oo (R)N, + hob, || do dy,

and
L(6,h)=— // {E|vz(h)Nz + hPb;|}H{ E|vy (R)N, + h?by|} dz dy.
Us
By the Cauchy-Schwarz inequality,

L5, < sup E[{v,(h*)N, + (h*)?b,}?] / /U odly

T€[—r,r

< 5réf sup [Var{fn(xlh*)} + (h*)?7b2)

TE —r,r

< Cé sup { K(z)zf(x — h*z2)dz + bi} n—2p/(2p+1)

z€[—r,r]

< Cy6n~%0/(2p+1) (A.16)

for some constant C; > 0 not depending on either n or §, by virtue of our assump-
tions on f and K. Noting that the random variable {v,(h)N, + hPb. }{vy(h)Ny +

h?by} has the same distribution as
({2 = P2y (W)} vs(B)Ng + B2b.] {vy (A)N, 178, } 42y (Bo(R)N, {o, ()N +A78, )
we obtain the bound
RERINE [ [ ey (h)oa(b)oy (h%) do dy
T-U;
+ @/ [ [ ey (B (h7) A" )Pby .
T-Us

For large n the first integral on the right-hand side is equal to

[ [ 1B Bl ayh ) dedyn < Cn™ (aar)

T=Us
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where C; > 0 does not depend on n. Also for large n, the second integral equals

@/ [ [ B B alalh)) (5 )Py () | o dy =

SCg(h")”/ vy(h*) 1dyn™!

-Tr

S C4n_1
since A* = O{n~1/(3»+1)} implies that v,(h*) = O{(h*)?}. Combining this with
(A.17) we obtain for some Cs > 0 and large n,

|I(6,h*)| < Csn™t. (A.18)

Recalling that the function 3 introduced in Section 2.2 has the property (t) =
E|N —t| for a N(0,1) random variable N we see that

me s [ [ wmns (S92

2 (h*)} o, (° (h*)Pbs )
s (G

-t (5355
<t [ [ oy (S0 ) ot = (1= 2y} doy
(by Lemma 2.62.1)

o a5 o)
" (/ A‘—Uﬁ v2(h) [1 -{1- Piy(h*)}%] " o dy>12~

By our assumptions on f and K, the second factor is bounded by

dz dy

i

Con#/e4) ([ [ 1 1= 2, (b7 dedy)
T-Us

For all sufficiently large n,
Poy(h*) < Crn=2[Var{ fa(|h*)}Var{fa(y|*)}] ™! = o(1)

uniformly in (z,y) € T — Us, since Var{fa(z|h*)} = O{n~2#/Cr+t1)} Tt follows
from this and the above bound that the second factor is o{n"?/(37t1} as n — oo,

The first factor is no more than
1

BRI SER Y
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Using the inequality (a + 5)2 < 2(a? + b%) and writing ¢, = x2f(y)? we obtain
h*)?b,
[ o (S
2
r ) (h*) b i —9;0. (h*)pby
I TR T——

2

+ 3 b
+ 26 =20/ 20 4) / o2y dy
—r y

<2 [ {emitnt) - @) ie ) @

+ 19 )
+ 267120/ CoH) / o2y dy
-r Oy

— O{n—2p/(2p+1)}

since vy, (h*) — (nh*)~%0,| = o{n~?/(?r*1} uniformly in y € [—r,7]. Therefore,

on combining the orders of magnitude of both factors, we obtain
|I3(6, h*)| = ofn=2#/CGpF1)}, (A.19)

Using the same technique that was applied to I;1(6,h*) we may show that there is

a constant Cs > 0 such that for all § > 0,
|14(6, h*)| < Cgén =2/ (2pF1), (A.20)
Combining (A.16), (A.18), (A.19) and (A.20) we obtain for every n > 0,

limsup n2p/(21’+1)Var{G(h*)} <,

n—o
which immediately leads to the required result. i
Proof of Theorem A.l.
With b, = (k1/p)) fP(2), 05 = k2 f(z)¥ and a > 0 we shall put

co +%
D(f,K,a)":‘a_%/ oz <a1’0 b,,.> dz

which is finite since f has compact support. Theorem 5.1 of Devroye and Gyérfi

(1985, p.78) can easily be extended of the case of a pth order kernel to give

(nh2p+1)%b

S

E{Ja(h)} —/ (nh)~? x"/’( ) do + o{h? + (nh)~},
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producing the result
E{Ja(h*)} = n P/CPUD(f K, c)) + o{n P/ (2P}, (A.21)

We shall first prove that
Jim [Jo(h*)/E{Ja(R")}] = 1 (A.22)

in probability. In view of (A.21) this result will hold if and only if it can be shown
that
|Tn(h*) = E{Tn(h")}| = 0p{n~?/ZP*V)}, (A.23)

The left-hand side of (A.23) is dominated by
| Tn(R®) = G(R™)| + |G(hx) — E{G(R")} + |[E{G(R")} — E{Jn(A")}|  (A.24)

so it suffices to prove that the first two terms are each 0,{n~?/(?#+1} and the
third is o{n=P/(2P+1)},
Let A(h) be given by

AR = [ [y HeCelh) + baleh)| .

—Oo0

Lemma A.l asserts that |J,(k*) — A(h*)| = 0,{n"?/(3P+1)} since the elements
of the sequence of Brownian bridges {W3} each have the same distribution as
W?° used in the definition of £(z|h). Therefore to prove that |J,(h*) — G(h*)| =
0p{n~P/(2P+1)} it is enough to show that |A(h*)—G(k*)| = 0, {n~?/(?P*1}  Notice
that

(= <]

IA(h*)—G(h*)IS/ |bn(2|h) — (h")7bs| dz

so by the compact support of f, the right-hand side is o{n~?/ (2r+1)} by standard
results for the asymptotic bias of fn(x|h) (see, e.g., Devroye and Gydrfi (1985
p.92)). For the second term we use Chebyshev’s inequality to obtain for all € > 0,
P{n?/C@r+D)|G(r*) — E{G(h*)}| > €} < n?*/ Pt Var{G(h*)}e™?
= o(1)
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from Lemma A.3. This proves that [G(h*) — E{G(h*)}| = 0p{n~P/(?P+1)} The
last term of (A.24) is dominated by

/—‘: (nh*) " %0,y ({n(h*)zl’“}%bz) — vz (R*)y (%)

Oz
The second term is o{n=?/(2?+1)} since E{Jn(h*)} ~ n~?/?P+*VD(f K, ¢;). From

dz

+ |E{Ja(h*)} = n?/ D D(f, K, c1)).

Lemma 2.2.1 the first term is dominated by
@/mt [ 1) Hon = Vas{fu(alh®)}} | do

which is also o{n=P/(2P+D} since [Var{fa(z|h*)}]? ~ cl—%n"’/("”""I)O'z for all z
and f has compact support. Hence |E{G(h*)} — E{Ja(h*)}| = o{n~P/(2p+1)} a5
had to be shown.

The result stated in the theorem follows from (A.22) and

Jim [Ja(h3)/B{Ta(A"))] = 1

in probability. This result can be proved in the same way as (A.22) using the fact
that

nli—l»%o A a0l S

in probability. B

With some extra work our assumption of f having compact support can be
weakened to the existence of a moment of order 2 + p~! + € for some ¢ > 0. This
has not been done since it would produce a result which is still slightly weaker

than that stated in Section 2.4.
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Appendix B

LEAST-SQUARES CROSS-VALIDATION FOR
NONPARAMETRIC ESTIMATION OF DENSITY
DERIVATIVES

The problem of selecting a window-size for the estimation of density deriva-
tives is briefly addressed in this appendix. Suppose we have a sample X,,..., X,
of independent, real-valued random variables having common density f where f

is r times differentiable. A kernel based estimator for f(")(z) is
FO(lh) =n 1 YT KO (2 - Xi)/R)
i=1

(see Bhattacharya (1967)) where K is a r times differentiable kernel and £ is
the window-size. This estimator is, of course, obtained by differentiating the
usual kernel density estimator r times. The window-size can be selected for the
estimation of f(") by generalising least squares cross-validation as follows. First
note that minimisation of Ly loss M,(k) = [{ f,(.')(-|h) — f(M}2? is equivalent to

minimisation of

M(h) - / (fOP = / FOCIRY -2 / FOCR)FO.

The first term on the right-hand side is known. However, the second involves the

unknown function f("). To overcome this we observe that

=2 [ fPCImFO = —2(-1y RS

from integration by parts, where it is now assumed that K has 2r derivatives

available. The mean of the right-hand side can be estimated unbiasedly by
_9(_1\ _ -1; —2r-1 K(2r) Xi - X /h
2(-1)"{n(n - 1)}"A7E1Y Zi# {( i)/h}
which leads to

CV() = [ SO = 2(-1yn P YD S KOO - X,)/h)
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as the least-squares cross-validatory criterion to be minimised. The selected window-
size is the value of A at which this minimum is attained; we shall call it A,. Under
certain assumptions on the smoothness of f and K and the range of admissible
values of h Hardle, Marron and Wand (1989) have shown that this selection rule
is asymptotically optimal in terms of minimising L, loss.

The calculation of CV(h) in practice involves evaluation of [ f,(,r)(-lh)2. As-
suming that K is symmetric we obtain

J e =t 525 [ KO (= X O (@ = X)) de

i=1 j=1

=np"2p21 i i‘(K(') * KOY{(Xi — X;)/R).

i=1 j=1

The evaluation of the convolution K(?) x K(" may be simplified by taking K to
be ¢ where ¢(z) = (2r)~¥e~*"/2 is the Gaussian kernel. For r = 0,1,... it may

be readily established by induction that
(67 67))(@) = 277400 (2/2%),
so that the cross-validatory criterion can be explicitly evaluated as

CV(h) = n~2h2r =} (=1)" [2"‘* YD ¢87{(Xi - X;)/ (25 h)}

i=1 j=1

2 3 (X = X)/h) .

A small simulation was run to test the efficacy of the proposed window-size
selection rule. Ten samples of size 500 were drawn from the extreme value density

(f(z) = e*e~*") with the aim of estimating the first derivative of this density,
fi(z) = (1 - e®)ee™™,

using the Gaussian kernel estimator. The optimal window-size in this case is

asymptotic to

h* = [ 12 ]1/7 n—1/7
17n%

which assumes the value A* = 0.3608 when n = 500.
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Table 1 displays the selected window-size and the L, error of the correspond-
ing estimator for each replication. In Figure 1 we have plotted CV(h) and the
estimate of f’' based the selected window-size fzm for two of the samples from
Table 1. Graphs (a) and (b) pertain to replication 5 while graphs (c) and (d)
pertain to replication 9. These particular samples were chosen to depict “average
case” performance of the density estimators, since they produced the fifth and

sixth lowest realisations of M,oo(ﬁ,oo) out of the ten replications.
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Table 1: Values of h,,, and J\afsoo(izsoo) for extreme
value data (10 replications).

l Rep' 1140__1 Bsoo LMsoo(ilsoo)
0.5499 [ 0.0024 |
0.4826 | 0.0036
0.5237 | 0.0041
0.4277 [ 0.0063
0.4808 | 0.0025
0.4550 | 0.0022
0.2821 [ 0.0138
0.4650 | 0.0013
0.4740 [ 0.0035
0.4860 | 0.0017

OO0 ~J|O| Oy | oD =

—
o
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Figure 1 (a) a',nd“(Ab)f Typical least squares cross-validatory score function CV(h) and estimate of
the first derivative of the extreme value density with window-size chosen by minimising CV (4).
The curve in (a) is CV(h) based on a sample of size 500 of extreme value data. In (b) the broken

curve is f’; the unbroken curve is f1,,(-|hs00) Where Ay = 0.4808.
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Figure 1 (¢) and (d): Typical least squares cross-validatory score function CV(h) and estimate of
the first derivative of the extreme value density with window-size chosen by minimising CV(h).
The curve in (c) is CV (k) based on a sample of size 500 of extreme value data. In (d) the broken
curve is f’; the unbroken curve is fs’oo(-liz,oo) where h,, = 0.4740.
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